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Protecting coastal areas employing artificial structures is an important issue for the
coastal engineering community. This study proposes a submerged, vertical, bottom-
mounted screen with horizontal slots for reducing wave energy. When an incident
wave encounters such an obstacle, it splits into transmitted and reflected waves. In
addition, part of the wave energy is converted into kinetic energy of the vortex field
due to flow separation from the structure walls. The study is focused on evaluating
the hydraulic performance of this breakwater in terms of wave reflection and trans-
mission coeflicients. Circulation processes around the structure are also considered for
deriving information about the directions and intensity of water exchange flows and
bottom erosion. The problem is analyzed in the vertical plane, where the structure
is considered a slotted barrier. It is assumed that the barrier comprises three imper-
meable elements and takes one of two possible configurations when its lower element
either lies on the bottom or there is a gap between this element and the seabed. To
identify the most suitable design, a numerical investigation of solitary wave interaction
with slotted barriers of various shapes and porosity is carried out. The developed nu-
merical procedure combines the boundary integral equation method used to determine
free surface deformations and the hybrid vortex scheme for simulating the vortex field
generated by the wave. The validity of the methodology is checked by the experi-
mental research in the hydrodynamic tank of the Institute of Hydromechanics and by
comparison with the data from other studies available in the literature. The solitary
wave of non-dimensional amplitude A;/h = 0.2 is examined for the entire numerical
experiment. Analysis of the free-surface evolution, as well as energy transmission and
reflection coefficients, revealed that the protective properties of the structure deterio-
rate with increasing barrier porosity. In addition, permeability has a greater effect on
high and narrow barriers than on lower and wider ones. Analysis of the vortex field cre-
ated by the solitary wave around the slotted barrier revealed an intricate flow pattern
on the leeward side. This pattern consists of two pairs of large-scale counter vortices,
whose interaction forms downward and upward water flows along the structure. These
vortices push the liquid through the gaps to the windward side, establishing reverse
flows between the close zone and the open sea. This is a reason for the increase in wa-
ter exchange intensity several times between different sides of the structure compared
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to an impermeable barrier. The data obtained infer that a slotted barrier of porosity
(0.2...0.3) will be the most successful among structures of this type, both for shore
protection and sustaining the health of the coastal ecology.

KEY WORDS: solitary wave, submerged breakwater, horizontally-slotted barrier, method
of boundary integral equations, vortex method

1. INTRODUCTION

The development and rational use of coastal areas is an important source of income for
many coastal countries. The safe functioning of infrastructure in maritime regions requires
its protection from the destructive energy of surface waves. In recent years, active coastal
protection structures, such as submerged breakwaters, have been increasingly used. They
are installed on the seabed parallel to the shoreline and reduce wave energy due to a sudden
drop in water depth. Traveling over a submerged obstacle, the incident wave splits into
transmitted and reflected waves. In addition, part of the wave energy is converted into
kinetic energy of the vortex field due to the separation of the flow from the walls of the
structure. The design of a submerged breakwater has traditionally taken into account wave
transmission, but to create a modern protective structure, coastal engineers must consider
care for the environment along with its effectiveness against waves. Rubble mounds and
gravity-type breakwaters require a great amount of construction material and a high capacity
of the seabed. In addition, they block water in the coastal zone, which leads to a deterioration
in its quality. To overcome these disadvantages, thin structures in the form of rigid, pile-
supported vertical screens have been proposed and examined [1-3].

In practice, permeable screens are mainly used owing to their low cost, lower impact
on dynamic loads, and ability to support exchange processes between the open sea and
the sheltered area. The elements of a permeable screen can be installed either horizontally
or vertically, and, thus, the problem to be solved results in two-dimensional and three-
dimensional setups for horizontal and vertical slots, respectively. In this study, we consider a
horizontally slotted screen, which is a permeable barrier in the vertical plane. The operation
of similar breakwaters has given rise a large number of experimental and theoretical studies
that substantiated their effective design. Early on, surface-piercing barriers in the field of
regular waves were mainly considered (e.g. [1,4,5]). The emphasis was on the study of the
hydraulic performance of the breakwater in terms of transmission and reflection coefficients.
In [6], the barrier with impermeable surface-piercing upper part and slotted lower part was
analyzed under the action of normal regular waves. The effect of both wavelength and
structural parameters on the transmission and reflection coefficients was investigated using
a specially developed theoretical model. It was shown that with the correct selection of the
ratio between the impenetrable part and the gap of the barrier, the energy of the incident
wave can be reduced by 50%.

The progress in the study of slotted breakwaters including wave screens is reviewed in [7].
Although the authors paid more attention to surface-piercing-type barriers than submerged
ones, they emphasized that the latter have potential engineering applications for mitigating
tsunami hazards and reducing shoreline erosion. It was also pointed out that the energy
dissipation associated with the vortex shedding at a slotted submerged wall needs to be
considered in order to adequately assess its ability for shore protection.
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Long waves, such as tsunamis or storm surges, are the most dangerous for coastal areas.
To describe their evolution in the surf zone, the solitary wave model is often used, as it is a
limiting condition for the run-up of an extreme non-linear long wave [8]. The connection of a
solitary solution with ocean waves also consists in the fact that periodic waves, when passing
from deep water to shallow water, are unstable and break up into groups whose circumferen-
tial line has the properties of a soliton. One of the early theoretical studies of the propagation
of a solitary wave over an uneven bottom is paper [9]. The method of characteristics was
applied there to show the disintegration of the incident solitary wave into a wave chain. The
results obtained were confirmed by experimental data in the wave channel. Researches of
solitary wave dynamics over submerged obstacles were continued using asymptotic methods
developed within the framework of the shallow water model. [10, 11]. Significant progress
in explaining the evolution of surface waves has been achieved based on the Boussinesq
equation. To expand the range of applicability of this theory to deep water, an additional
term is introduced into the equation, which improves its dispersion characteristics [12]. Fur-
ther efforts of the researchers are aimed at developing stable numerical schemes (solvers) for
Boussinesg-type equations, as well as at studying the transformation and breaking of waves
that interact with both submerged obstacles and a sloping shore (e.g. [13-15]).

The progress in computer technologies has made it possible to more finely simulate the
hydrodynamic processes that develop during the interaction of a solitary wave with an un-
even bottom, in particular, taking into account the shape and size of submerged obstacles.
The boundary element method (BEM), which is based on the potential flow theory, is a com-
monly adopted numerical technique that provides accurate results over a wide range of wave
amplitude. In particular, the interaction of a solitary wave with a submerged semicircular
cylinder was described in a wide range of both the wave height and the cylinder radius [16].
In the paper [17], the BEM was applied to study the wave breaking over submerged obstacles
of various configurations. A new application of the potential theory to the simulation of wave
evolution is presented in [18], where the interaction of a solitary wave with a wave energy
converter was simulated in the presence of bottom irregularities and collinear currents.

Although the potential flow theory ensures good modeling of free surface dynamics, it is
unable to describe the generation of a vortex field near an uneven bottom. At the same time,
a solitary wave is known to be similar to a local uniform flow. When the wave approaches a
bottom irregularity, the processes develop that usually accompany the modification of flow
in a viscous fluid, including the appearance of a negative pressure gradient along the solid
boundary, the development of a shear flow, and the generation of a vortex field. To take
into account the above effects, the numerical algorithms based on the viscous flow equations
should be employed. The volume of fluid (VOF) and mark-and-cell chart (MAC) methods
are two main techniques used for modeling viscous fluid flows with strong nonlinearity on
a free surface [19-21]. They are based on the averaged Navier—Stokes equations (RANS)
supplemented by a k-¢ nonlinear turbulence closure model. With the use of this approach,
significant advances have been made in understanding the phenomena that accompany the
passage of solitary waves over submerged obstacles. In [22], the interaction of a solitary wave
with a submerged rectangle was investigated. It is argued that the contribution of viscous
effects to the dissipation of wave energy can reach 15%. Paper [23] focuses on investigating
the drag of a rectangular dike caused by a solitary wave. The pressure drag is shown to be
much greater than the friction drag, although the induced local shear stress on the top surface
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of the dike can be quite large. The interaction between a solitary wave and a submerged
vertical bottom-mounted barrier is investigated in [24]. Both the wave transformation and
the dynamics of the vortex field generated near the obstacle are described in detail for
breaking and non-breaking waves. The effectiveness of the barrier against waves is estimated
by evaluating the wave RTD coefficients using the energy integral method.

Despite the obvious fact that traditional CFD methods have yielded important results in
wave dynamics, their use is associated with serious technical challenges. These are related to
the difficulties in tracking the fluid interface and implementation of the free surface boundary
conditions, especially when a moving grid is used. A needed alternative has been found in
the development of mesh-free methods based on the Lagrangian representation of the flow
field. These include the Smoothed Particle Hydrodynamics (SPH) [25] and Moving Particle
Semi-implicit (MPS) method [26], which employ particles moving according to governing
dynamics. In [27], the vortex fields generated by a solitary wave passing over submerged
rectangles of various widths and heights were investigated in detail using SPH. The study,
the results of which are presented in [28], concerns the interaction of the solitary wave
with the composite submerged breakwater combining a quarter circle and a square. Among
other things, it was obtained that the depth of the submerged breakwater has a significant
influence on wave dissipation. Both the MPS method and its application to the analysis of
tsunami-structure interaction are represented in [29].

In [30], a numerical scheme was developed that combines the boundary integral method
and the vortex method to study wave-structure interaction in viscous fluid. In accordance
with it, the generation of vorticity by the free surface is predominantly neglected and the
vortex field is formed exclusively due to the separation of the boundary layer from the
walls of a submerged structure. Given the fact that the considered problem is characterized
by a sufficiently large Reynolds number, such an approach is justified, especially since it
is confirmed by the good agreement between the results of calculations and the data of
laboratory experiments. The results of the paper [31] suggest that the vortex field is the
main factor determining the drag of an underwater structure under the action of a solitary
wave. A similar numerical scheme was applied in [32] to simulate the propagation of a solitary
wave over a submerged barrier. Two types of wave-barrier interaction were identified there.
There is a weak interaction when the incident wave splits smoothly into the reflected and
transmitted solitons and a strong interaction when the wave breaks down. It was found that
the fate of a solitary wave over a barrier depends on the interaction coefficient, which is the
ratio of the wave amplitude to the thickness of the water column above the obstacle. The
critical value of the interaction coefficient at which these modes switch was estimated to be
approximately 1.

A slotted breakwater can contribute to greater wave energy dissipation due to flow sepa-
ration from its elements. Therefore, the impact of such structures on wave dynamics can be
correctly estimated either by experimental methods or by utilizing numerical schemes that
take into account viscous effects generated by the wave. Partially submerged rigid curtain
walls in the shape of a vertical barrier in cross-section are one of the successful implemen-
tations of permeable breakwaters, where water passes through an opening between the wall
and the seabed. The most comprehensive study of the interaction of solitary wave with a
vertical surface-piercing barrier is presented in [33]. The characteristics of the transmitted
and reflected waves, as well as the velocity fields and wave-induced structural loads, were
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found experimentally and numerically over a wide range of problem parameters, such as
water depth, incident wave amplitude, and draught of the barrier. A laboratory experiment
was conducted to obtain data for validation of the numerical model based on the Reynolds-
averaged Navier—Stokes (RANS) equations and the k-¢ turbulence closure model. Numerical
calculations ensured an array of results for deriving generalized formulae for maximum run-
up height and maximum wave force. In [34], the Smoothed Particle Hydrodynamics (SPH)
was used to calculate non-linear, dispersive reflection and transmission characteristics of the
solitary wave interacting with a partially immersed screen. The effect of both the wave
height and the draught of the curtain wall on the protective characteristics of the struc-
ture is analyzed. The research stated that the partially immersed curtain breakwater is
effective in dissipating incoming wave energy if its immersion depth is over half of the water
depth. In [35], the wave-curtain screen interaction is investigated with the help of the Weakly
Compressible Smoothed Particle Hydrodynamics (WCSPH). The submergence depth of the
screen is shown to play a crucial role in its performance as a breakwater.

The propagation of a solitary wave over a fully submerged vertical slotted barrier was
studied in [36, 37] using a laboratory experiment and numerical simulation. The wave-
structure interaction is detailed in terms of free surface elevation, velocity, and turbulence
characteristics. Flow visualization revealed the development of a complex vortical pattern
near the slotted barrier due to the interaction of vortices shedding from each element of the
structure. In this case, the vortex field is a potential scouring factor for a bed. The authors
pointed out that the gap between the elements and the water depth are critical parameters
that affect the vortex dynamics near a slotted barrier.

The importance and complexity of the problem under consideration necessitate the de-
velopment of new methods to supplement our knowledge of the interaction of waves and
underwater obstacles. In this study, the hydraulic performance of submerged horizontally
slotted barriers against long waves is numerically estimated on the base of the Lagrangian
representation of the flow field. The developed calculation methodology consists of two com-
ponents. The first is associated with the free surface, and the second identifies the vortex
field generated by the wave. In the task setting, the effects of viscosity and vorticity genera-
tion at the free surface are ignored, as well as the flow field far from the structure is supposed
to be irrotational. These assumptions permit to application of the potential-flow analysis
in calculating the free surface evolution. The viscous flow under the free surface is modeled
with the use of the hybrid vortex method developed in [38], which is based on the velocity-
vorticity form of the Navier-Stokes equations. It should be noted that the two components
are not solved independently because they affect each other. The difference between this
algorithm and the previous analogous methods lies in the simpler involvement of the free
surface dynamic condition, which, nevertheless, does not affect the calculation results. To
verify the numerical algorithm, a set of laboratory experiments in the hydrodynamic flume
was performed with a solitary wave passing above an impermeable vertical barrier. The free
surface elevations at the same locations were measured in the numerical simulation and the
experiment and a good match was found both for reflected and transmitted waves. The
numerical calculations were then carried out over a wide range of slotted barrier permeabil-
ity to derive wave energy coefficients as well as to discuss the free surface evolution, vortex
shedding, and water exchange flows around the structure.
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2. PROBLEM STATEMENT AND NUMERICAL MODEL

The mathematical statement of the problem under consideration is based on two assump-
tions, namely, that a solitary wave propagates perpendicular to the submerged obstacle, and
the elements of the slotted barrier are installed horizontally. This allows us to consider the
developing processes in a vertical section, which implies a two-dimensional (2D) problem.
It is assumed that the wave propagates in a two-dimensional numerical channel with a sub-
merged slotted barrier at the floor (Fig. 1). A Cartesian coordinate system is fixed in such
a way that its origin is connected with the midpoint of the barrier, the x-axis lies in the
bottom and the y-axis points vertically upward. The still water depth is A and the ampli-
tude of the incident wave is A;. The height and length of the barrier are depicted by d and
a respectively. The structure permeability is characterized by the porosity p, defined as the
ratio p = s/(s+b), where b is the length of the impermeable element and s is the gap space.
Two configurations of the barrier are evaluated when its lower element either lies on the
bottom or there is a gap between this element and the bottom (see Fig. 1).

Under the assumption that the fluid in the numerical channel is incompressible with
constant density and viscosity, its motion is governed by the continuity equation and the
Navier—Stokes equations, the right side of which includes the gravitational force and the
viscous force. The problem statement consists of the no-slip condition both on the channel
bed and the impermeable elements of the barrier as well as the zero-stress condition at the
free surface. The latter consists of the kinematic condition, which states that there is no
flow across the interface, and the dynamic condition declaring the continuity of stresses when
passing across a free surface. Note that the surface tension effect is not considered. One can
find a detailed description of the mathematical model in [39]. To avoid wave reflection at
the lateral boundaries of the numerical wave flume, wave damping is introduced following
the method proposed in [40]. For this reason, numerical sponge layers are put at both lateral
boundaries to absorb the outward-traveling waves.

The problem is solved in a dimensionless form when the variables are scaled by the
still water depth h and the phase speed of linear long wave y/gh, where g is the gravity
acceleration; ¢ = t1/g/h is the dimensionless time (further the overline will be omitted). The
Reynolds number is evaluated based on the depth-averaged velocity under the wave crest
U = (A;/h)c, where ¢ = /g(h + A;) is the wave celerity, then Re = Uh/v = A;\/g(h+A;)/v.
The Froude number is introduced as Fr = ¢/+/gh.
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Fig. 1. Schematic diagram of the problem (left) and slotted barrier configurations (right)
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The boundary value problem is solved under the assumption that the flow close to the
free surface is irrotational and vorticity is only created at the solid walls, namely the channel
bottom and the submerged barrier. A boundary integral-equation method is applied to
obtain free-surface elevations and a vortex method is used for simulation of viscous effects.
It should be noted that viscous and irrotational calculations are interrelated in the sense that
they take into account the mutual influence of these two components of the flow field. The
developed algorithm is described in detail in [32,39], so only its main features are considered
here. This technique is based on the Lagrangian representation of the flow field and follows
the scheme outlined in [30], except for some points.

The boundary integral method is a well-known technique that has long been used to
model the interface (e.g. [40,41]). In the flow under consideration, both the free surface and
the walls of the submerged barrier are represented by the vortex sheets, whose intensity is
determined by the boundary conditions. To take into account the influence of the channel
bottom, the fundamental solution of the Laplace equation for a point vortex in a half-plane is
used [42]. This allows us to fulfill automatically the no-penetration condition at the bottom.
The discrete scheme is constructed in such a way that continuous vortex sheets are replaced
by sets of straight segments (panels) of equal length with a piecewise distribution of the
vortex strength. Further, each segment is compressed into a discrete vortex located in the
middle. With this choice, the integrals included in this model are approximated by sums
based on trapezoidal quadrature.

To solve the problem, it is necessary to calculate at each time instance the strengths of the
discrete vortices distributed along the free surface and the barrier, as well as the positions
of the points on the free surface. The dynamic boundary condition on the free surface
and the impermeability condition at the barrier are used to construct a linear algebraic
system regarding the vortex strength. Note that the part of the system that deals with the
free surface is written based on Bernoulli’s law and on the known fact that the tangential
velocity experiences a discontinuity when passing through a vortex layer [39].

To integrate the evolution equation with respect to the coordinates of the free-surface
points, the fourth-order Adams-Bashforth-Moulton (ABM) predictor-corrector scheme is
used. It should be taken into account that problems with a free surface are essentially sin-
gular; as a result, the accuracy of the integration is very sensitive to the small perturbations
introduced by the numerical scheme. This requires maintaining a fine balance between the
choice of parameters of the discrete scheme and the integration method. In addition, it is
desirable to avoid large gradients of variables on the free surface, which can be achieved by
applying regularization procedures. In this study, the elimination of extreme velocity gradi-
ents at the free surface is achieved by recalculating the length of the vortex panels so that
they become the same at each time step. The intensity of the vortex layer is redistributed
according to the new lengths of the segments. Note that the number of vortex panels on the
free surface remains constant throughout the simulation.

The viscous flow field under the free surface is simulated via the vortex method, which
uses the vorticity transport equation instead of the traditional pressure-velocity formulation
of the Navier-Stokes equations [43]. The pressure field is eliminated from this equation,
resulting in only the boundary condition containing the gravitational force. To solve the
equation, we use the hybrid vortex scheme developed in [38]. It involves a Lagrangian
framework for the advection process but it also handles a fixed grid, which facilitates the
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prescription of the no-slip boundary conditions as well as the modeling of the diffusive term.
In this investigation, the vertical size of the grid is not fixed, so the upper boundary of the
computational domain is approximated by a step function, which is constructed at each time
step. The vorticity flux into the fluid is determined through the strength of the vortex sheet
distributed along the walls of the submerged obstacle. Note that the validity and efficiency
of the used scheme have been confirmed when solving various two-dimensional problems of
viscous fluid dynamics with solid boundaries [44,45].

3. RESULTS AND DISCUSSION
3.1. Setup of the numerical experiment and verification of the algorithm

The numerical wave flume used in this study is of 1 m depth and 140 m length. Normalized
parameters of the problem will be further considered, so the dimensionless flume length is
140h. The absorbing layers’ width adjoining the flume’s lateral sides is put to 2h. The
submerged obstacle is situated in the middle of the computational domain. At the initial
time instant, the wave crest is located at x/h = —20, and then it propagates from left
to right. To derive the initial data for a solitary wave, profile, and velocity potential, the
MatLab implementation of the iterative method developed in [46] is utilized. Since the
method computes an approximate solitary solution of the Euler equations, it allows for both
horizontal and vertical motions of fluid particles beneath the wave. In this way, it is possible
to model not only the evolution of the free surface but also the dynamics of the vortex field
created by a solitary wave around a submerged structure. The number of vortex panels along
the free surface is equal to Ny = 2800; a uniform grid of resolution Ax = Ay = 0.01h is put
on the flow field; the time step is At = 0.0054/¢g/h . The amplitude of the incident wave is
taken A;/h = 0.2. The Reynolds number calculated these depth and wave amplitude equals
Re = 0.69 - 10°. The slotted barriers of heights d/h = 0.8 and d/h = 0.9 are investigated.
Porosity p is the main parameter whose influence on the hydraulic quality of the structure
is studied. It lies in the range of p = 0.1 to 0.5, that is, the maximum total length of the
slots can reach 50% of the height of the structure.

To check the validity of the numerical algorithm, the obtained results are compared with
the data of our laboratory experiment as well as with analogous results known from other
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Fig. 2. Parameters of the problem in the experiment and calculations
when investigating the interaction of a solitary wave with a submerged barrier
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Fig. 3. Comparisons of the free surface elevations between experimental data (black line)
and computational results (red line) at the gauge locations G1(left) and G2 (right)

studies available in the literature. The experiment was conducted in a glass-wall flume of
the Institute of Hydromechanics. A solitary wave propagating above a thin non-permeable
barrier was examined. The laboratory setup, equipment, and experimental technique are
described in detail in [47]. Fig. 2 illustrates the normalized parameters of the problem under
consideration, as well as the positions of the gauges, and recorded elevations of the free
surface.

Fig. 3 demonstrates the time histories of instantaneous free surface elevations 7(t) at the
locations G1 and G2 derived in the measurements (solid black lines) and the calculations
(dotted red lines).
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Fig. 4. Relative maximum run-up height
The present numerical model was also against incident wave amplitude

tested with the classical example when a

solitary wave reflects from a solid vertical wall. It is the problem of a wave returning to its
initial state after colliding with the wall. It has an approximate asymptotic solution [48] and
has also been repeatedly studied in laboratory experiments (e.g. [49,50]), which provided data
for testing numerical algorithms. The scheme of the problem and the primary parameters are
depicted in the lower part of Fig. 4. Calculations are carried out for initial wave amplitudes
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from the range of A;/h = 0.1 to 0.4 with the step of 0.05. The dynamics of the wave looks
this way: it grows when approaching the wall and reaches a maximum when hitting the wall.
Fig. 4 shows the comparison of the calculated maximum run-up height with the analytical
solution of Byatt-Smith [48], the experimental data of Chan and Street [49], Maxworthy [50]
as well as with the numerical results of Lo and Yang [51]. It can be seen that the results of
the present research are in good agreement with the data presented by previous investigators.

It should be also mentioned that the present numerical scheme has been applied to sim-
ulate the interaction of a solitary wave with a submerged step [39]. Analysis of the obtained
results and their comparison with the data from [52] demonstrated that the calculations ac-
curately predict the fission process and the dependence of the number of secondary solitons
on both the amplitude of the incident wave and the step height.

3.2. Wave evolution and energy coefficients

The key information about the hydraulic advantages of the slotted barrier as a breakwater
can be derived by studying the fission of the incident wave into transmitted and reflected
waves and then estimating the energy of these waves. Fig. 5 illustrates the evolution of

pP~0.15

Configuration 1

P~025

Configuration 2

Fig. 5. The influence of barrier porosity on the free-surface evolution
for the solitary wave interacting with the slotted barrier
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the wave profiles when the soliton of relative amplitude A;/h = 0.2 passes over submerged
barriers of different porosity. The development of the free-surface elevation with time is
here depicted with the time step of 50A¢. The barrier height and length are d/h = 0.8 and
a/h = 0.1 respectively. The pictures are arranged in order of increasing porosity. Fig. Ha
deals with the solitary wave passing over an impenetrable barrier, when p = 0, so it reflects
the classical pattern of interaction of a solitary wave with an underwater obstacle. It can
be seen that the incident wave grows as it approaches the obstacle, and then splits into a
reflected wave and a transmitted wave, which propagate in opposite directions. The process
is complicated due to the fission of the transmitted wave into a chain of secondary solitons.
In addition, there is a local rise of the free surface just behind the obstacle produced by the
intense recirculation flow. Note that the free surface remains regular throughout the process.

In the following pictures, the porous effects are taken into account. The slotted barrier in
Fig. 5b is of Configuration 1 with narrow gaps between the solid sections, so that p = 0.15.
In this case, the wave-structure interaction is characterized by the appearance of well-defined
stochastic disturbances of the free surface above the barrier. As a result, the free surface
in front of the obstacle rises and falls behind it. The dispersive tail of solitons behind
the transmitted wave is less pronounced if compared with the impermeable barrier, but
disturbances appear that catch up with the reflected wave. If the porosity increases, the
free-surface evolution will become more regular as follows from Fig. 5c, where p = 0.25. The
area of stochastic disturbances narrows here and there are no sharp rises and dips in the
free surface. Fig. 5d shows the free-surface profiles formed when the solitary wave passes
over the slotted barrier of Configuration 2. The dynamics of the free surface is changed
here, though the porosity is the same as in Fig. 5c. It becomes more regular, and only small
disturbances of the free surface are observed between the reflected and transmitted waves. It
follows from Fig. 5 that the runup of the incident wave on the slotted barrier reduces when
increasing its porosity. This leads to the loss of strength of the reflected wave, due to which
the transmission wave grows indicating a deterioration in the protective properties of the
structure. From this point of view, the barrier in Fig. 5c¢ is the most unsuccessful, obviously
because the total length of the solid elements decreases.

The conclusions following from the analysis of free-surface profiles are supported by eval-
uations of the hydraulic performance of slotted barriers in terms of wave reflection (R),
transmission (T, and dissipation (D). The interaction of a solitary wave with a submerged
obstacle can be quantified by the proportions either between the amplitudes or between the
energies of the waves involved in the process. In this paper, energy wave coefficients are

calculated:
kt =V Et/Ei7 kr =V Er/Eia kd =V Ed/Ez

Here, E;, E;, E,, E4 are the energy of incident, transmitted, and reflected waves, and
the energy of dissipative processes respectively. To determine the wave energy, we applied
the formulae of Li and Raichlen [52], in which the energy is calculated based on the wave
amplitude and water depth. The energy scattered at the structure is defined according to the
expression k3 = 1—k?—k?. To verify the correctness of the calculation of RTD-coefficients in
the present numerical experiment, their values were compared with the corresponding data
from Lin [21] determined using the energy integral method. In the test, the propagation
of the solitary wave of normalized amplitude A;/h = 0.1 over the submerged rectangle at
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various combinations of its length and height is considered. The comparison of the obtained
energy coefficients k; and k. with Lin’s data is presented in Fig. 6. The normalized length
of the structurea/h is plotted along the horizontal axis and two curves correspond to the
different values of the structure height:d/h = 0.7 (red line) andd/h = 0.9 (blue line). The
markers depict Lin’s data. It can be seen that the comparison of the results shows the same
trend for both k, and k; with an increase in the length of the structure in the rangea/h = 0.1
to 3 . The match for the coefficient k; is much better than for £,, which may be due to the
difficulties in estimating the amplitude of a very small wave. In any case, these results confirm
that the developed numerical algorithm adequately simulates the free-surface evolution when
propagating a solitary wave over a submerged structure.

Further, the effect of porosity on the energy characteristics of wave decay over slotted
barriers is assessed. Fig. 5 demonstrates a tendency to reduce the protective capacity of
slotted structures compared to similar solid ones. Nevertheless, their use is advisable from
the point of view of weakening environmental threats. Submerged barriers of various heights
d/h and lengths a/h are considered here to identify their effective forms, although the main
parameter whose influence is investigated is porosity p. In Fig. 7, the squared energy coeffi-
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Fig. 6. Comparison of the wave energy coefficients k; (a) and k, (b) with the results from [21]
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Fig. 7. Effect of porosity on the squared energy coefficients of solitary wave A;/h = 0.2
for slotted barriers of different heights and lengths: transmission (a) and reflection (b)
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cients k? (left) and reflection k? (right) are depicted as functions of porosity calculated when
interacting with the solitary wave of A;/h = 0.2 with slotted barriers of different geometrical
parameters. Note that this representation provides direct information about the percentage
of the energy associated with each process. The effect of the slotted barrier configuration
on these coefficients is also analyzed here. As expected, the coefficient k? grows with the
increase of porosity in all the cases. However, the gradient of the curves in Fig. 7a differs
significantly, which must be taken into account when choosing the most suitable breakwater
design. It is known (e.g. [21,32]) that a high and short submerged barrier is the most effective
in reducing the energy of incident waves. As can be seen in Fig. 7a at p = 0, the energy of the
transmitted wave behind the barrier of d/h = 0.8 is one and a half times higher than it when
d/h = 0.9, with the same barrier length a/h = 0.1. However, the hydraulic performance of
the high-slotted barrier sharply decreases with increasing its porosity. At p = 0.5, the pro-
tective properties of the slotted barrier of height d/h = 0.9 drops by almost half compared
to the same solid barrier. The amplification of the transmitted wave at d/h = 0.8 is not
so catastrophic, especially with a large obstacle length, as the curve at a/h = 0.4 shows.
Regarding the shape of the slotted barrier, Configuration 1 of those presented in Fig. 1 is
preferable, obviously since the total length of the slots is lower here.
As follows from Fig. 7b, the en-

ergy of the reflected wave decreases 0.6 o .

: : =09. a/h=0.1
to almost zero in the considered OSE d/h:O_S_Z/h:O_l
range of barrier porosity. Again, this ST —e— Configuration I
process develops faster if the bar- aa e Lonpa e
. . . ’ —o— d/h=08, a/h=04
rier is high. At d/h = 0.9 it was

obtained that k? = 0.16 at p = 0
and k? = 0.02 at p = 0.5. This
means that the energy of the re-
flected wave decreases by approxi-
mately eight times. The functions
k%(p) at d/h = 0.8 demonstrate a
similar trend, while they indicate a
weak dependence of the reflection
process on both the width and con- Fig. 8. Dependence of k3 on the porosity p
figuration of the structure. It follows
from these results that the influence of permeability on the reflection process is the main
reason for the deterioration of the protective properties of the slotted wave breakwater.
The decrease in the energy dissipation coefficient with increasing barrier porosity is not
so catastrophic, as evidenced by the results presented in Fig. 8. Note that dissipative wave
energy losses occur due to both the formation of secondary disturbances on the free surface
and the conversion of wave energy into the energy of the vortex field generated by the wave
flow around the submerged structure. Since, disturbances on the water surface are attenu-
ated with increasing porosity, as observed in Fig. 5, the influence of vorticity on dissipative
processes should increase, which will be analyzed in the next section.
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3.3. Development of a vortex field and formation of water exchange flows

The results of the previous section provide insight into the free-surface dynamics when
a solitary wave interacts with a submerged slotted barrier. Wave propagation through the
barrier is also accompanied by the processes developing in the water column, which must
be taken into account when assessing the effectiveness of this obstacle as a breakwater. A
traveling solitary wave generates an intense flow of liquid particles under the free surface.
When this flow meets the barrier, it rebuilds according to the new configuration of the water
area. The formation of a shear layer, flow separation and the development of a vortex field
are successive manifestations of viscous effects caused by the wave. The vortex field helps
dissipate wave energy but can compromise the integrity and stability of the structure due to
large dynamic loads and bottom scouring, so it must be considered when designing protective
structures.

Fig. 9 represents the vorticity and velocity fields in different transformation phases that
develop when propagating the solitary wave of amplitude A;/h = 0.2 over the slotted barrier
of Configuration 1 at d/h = 0.8, a/h = 0.1 and porosity p = 0.25. The scale of dimensionless
vorticity is also depicted here. According to Madsen and Mei [9], the length L; of a solitary
wave is related to its amplitude by the ratio Lg/h ~ 104/h/A;. It follows that L,/h ~ 22 in
the case under consideration when A;/h = 0.2. Thus, the formation of a shear layer near the
submerged barrier begins when the wave crest is at a distance of about 11h. As the wave
approaches, the negative pressure around the obstacle increases, as a result, the shear layer
is separated on its walls converting into large-scale vortex structures.

One can see fully formed vortex pairs in the gaps between the barrier sections and a
clockwise vortex at the top of the upper section when t/g/h ~ —2 (Fig. 9a). These vortices
grow as long as the local flow velocity near the obstacle increases, until t1/g/h ~ 0 (Fig. 9b).
The following snapshots of the vorticity field correspond to the time instants when the wave
crest has already passed over the top of the barrier. The development of fluid flows around
the obstacle now depends on the dynamics of the vortex field. At the time instant shown
in Fig. 9¢, the part of counterclockwise vorticity (yellow) convects downstream, and new
vortices are then generated at the lower edges of the barrier sections. When the clockwise
vortices (blue) separate, they fall and block the path of the vortices located close to the
barrier (Fig. 9d). Further, two counter-clockwise rotating vortices (yellow) merge to form
a large vortex of the same direction of rotation near the upper barrier element. At that
time, a large clockwise vortex structure (blue) develops near the foot of the barrier. These
processes are finalized by the formation of a pair of oppositely rotating strong vortices on
the leeward side of the barrier (Fig. 9¢). Rotating, these vortices push the fluid through
the gaps to the windward side. Moreover, the energy of the gap flows is sufficient in order
to generate quite strong vortices there. The creation and evolution of vortex pairs on the
windward side of the barrier are shown in snapshots Fig. 9f-h. It can also be noted that the
scale of the vortices formed in the lower gap is significantly larger than those emerging from
the upper gap. The vortex field on the leeward side of the barrier develops in such a way
that most of the vorticity gets up towards the free surface, forming a large-scale clockwise
vortex that follows the wave crest (Fig. 9h). Near the structure, the vortices diffuse slowly
due to the complicated interactions with each other, as well as with the channel bottom and
the barrier. It also follows from the analysis of the velocity fields presented in Fig. 9 that
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Fig. 9. Numerical visualization of the dynamics of vorticity and velocity fields generated
by the solitary wave of A;/h = 0.2 near the slotted barrier of Configuration 1 at porosity p ~ 0.25
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Fig. 10. Vorticity and velocity fields generated by the solitary wave of A;/h = 0.2
near the slotted barrier of Configuration 2 at porosity p ~ 0.25 in various instants

traveling a solitary wave over a slotted barrier generates intense upward and downward flows
on the leeward side, which causes the water mixing in this area.

In this numerical experiment, the influence of the slotted barrier configuration on the
development of viscous processes was analyzed. We compared the vortex fields caused by
the wave near the obstacles of the same porosity from those depicted in Fig. 1. The vorticity
and velocity fields developed near the slotted barrier of Configuration 2 at p ~ 0.25 are
depicted in Fig. 10.

The two presented snapshots correspond to the initial stage of wave-structure interaction
and after a long time, when the vortex processes have self-organized. It is seen in Fig. 10a
that the phenomena of flow separation occur at the lower and upper sides of each barrier
element, which results in the formation of three pairs of counter-rotating vortices on the
leeward side of the obstacle. Further, the vortices interact with each other, with free surface
and with solid boundaries that leads to the stage of vortex field presented in Fig. 10b. This
flow pattern is similar to that observed in Fig. 9h. It is characterized by the generation
of reverse flows in the gaps between the barrier sections, as well as by the development
of vortex pairs on the windward side and large-scale vortices on the leeward side of the
barrier. Among the distinctions between the snapshots depicted in Fig. 10b and Fig. 9h
one can notice a weak reverse flow in the gap between the lover element of the barrier and
the channel bottom. Because of this, the intensity of the reverse flows in the other two
gaps decreases, as a result, the vortices to have formed on the windward side are weakened
compared to the corresponding time instant in Fig. 9. On the leeward side of the barrier, a
large-scale clockwise vortex (blue) gets up to the free surface as in the previous case. The
counterclockwise vorticity (yellow) in Fig. 10b extends along the channel bottom in contrast
to the distinct vortex observed in Fig. 9h. To summarize, it can be concluded that the
evolution of the vortex field weakly depends on the arrangement of the barrier elements in
the same porosity.

More visual differences in the development of the vortex field will be observed if the dis-
tance between the barrier sections is increased. Fig. 11 illustrates the vortex fields obtained
near the slotted barriers of both considered configurations at p ~ 0.5. It can be seen that
they differ little from each other. At the same time, their distinction from the corresponding
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Fig. 11. Vorticity and velocity fields generated by the solitary wave of A;/h = 0.2
near the slotted barrier of Configuration 1 (left) and Configuration 2 (right) at p ~ 0.5

snapshots presented in Fig. 9 and Fig. 10 is obvious. In particular, the reverse flow in both
Configuration 1 and Configuration 2 develops only in the gap between the lower section and
the one adjacent to it, due to which the vortex pair formed here has a much larger scale and
strength than with lower barrier porosity. The interaction of vortices on the leeward side of
the barrier occurs in such a way that it does not lead to a dominant vortex here, as in the
previous cases. Instead, several pairs of counter-rotating vortices of approximately equal size
and strength are formed. These vortices interact weakly with the free surface and remain
close to the structure, apparently, until they gradually diffuse.

Careful examination of the velocity fields in Figs. 9-11 reveals the development of water
flows around the structure. The interaction of vortices on the leeward side causes the flows
directed toward the bottom and vice versa, which replace one another. This supports the
exchange between bottom and surface waters, thereby sustaining the health of the coastal
ecology by creating an upwelling effect. Another important requirement for improving the
environment is to ensure water exchange between the open sea and the coastal zone when
the water area is blocked by the submerged barrier. Making slots in the barrier is aimed at
solving this problem, although the protective properties of the structure deteriorate. The
development of reverse flows is seen in Figs. 9-11. To quantitatively assess this process, let
us analyze the longitudinal velocity profiles in the cross-section z = 0. Fig. 12 illustrates the
distributions of the normalized longitudinal velocity @ = u/+/gh along the central line of the
slotted barrier of Configuration 1 at porosity p ~ 0.25. The curves in Fig. 12a correspond
to the time ¢ < 0, when the wave crest either approaches the obstacle or is above it. The
velocity is seen to increase over the obstacle and in the gaps, and reaches its maximum value
at t ~ 0. After the crest of the wave passes the obstacle, water flows are determined by
the dynamics of the vortex field. It is clear in Fig. 12b, corresponding to this period, that u
decreases in the slots. The highest reverse flow velocity occurs in the lower gap at ¢ &~ 8 and
then it decreases, which indicates that the flow is attenuated here. In the upper gap, on the
contrary, the small initial velocity @ attenuates much more slowly.

Based on the longitudinal velocity, the water discharge ) in the cross-section z = 0
was calculated for slotted barriers of various porosities and configurations. Counterflows are
analyzed separately, assuming that ) > 0 describes the flow of water in the direction of
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Fig. 12. Horizontal velocity profiles induced by the solitary wave of amplitude A4;/h = 0.2
along the central line of the slotted barrier at different time instants
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Fig. 13. Time dependences of the intensities of the water exchange flows in the crosssection x = 0
generated when propagating the solitary wave of amplitude A;/h = 0.2 over slotted barriers
of various porosity and configuration

wave propagation and () < 0 corresponds to the opposite direction. Fig. 13 illustrates the
dependencies of the normalized discharge of the direct and reverse flows on time. The black
lines in these pictures describe the water discharge over the impermeable barrier of height
d/h = 0.8. The red and blue lines correspond to the slotted barriers of the same height
in Configuration 1 and Configuration 2 respectively; solid and dashed lines are calculated
at various porosities, p ~ 0.25 and p ~ 0.5. It follows from Fig. 13a that a solitary wave
propagating over the submerged barrier forms the water flow directed to the coastline. The
flow rate achieves its maximum when the wave crest is above the obstacle and drops to
almost zero at ¢ > 5. This means that the wave is no longer the dominant factor in the
region disposed near the obstacle. Fig. 13a points out that the forward flow rate weakly
depends on the porosity of the barrier and is almost independent of its configuration at the
same barrier height. This happens because most of the water passes between the top of the
barrier and the free surface.

As mentioned above, the reverse flow is formed under the influence of the vortex field. It
can be seen in Fig. 13b that its rate is an order of magnitude less than that of the forward
flow. However, it is remarkable that the use of a slotted barrier increases the rate of reverse
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flow several times when compared with an impermeable barrier. The reverse flow is the most
intense in the period 5 < ¢ < 10 and it is unlikely to see a reliable trend in its development
since this flow is controlled by the stochastic interaction of vortices. We calculated that the
total amount of water passing through the section & = 0 in the reverse direction during the
entire numerical experiment increased in proportion to the growing porosity and did not
depend on the barrier configuration.

4. CONCLUSIONS

In this study, the interaction of a solitary wave with a submerged slotted barrier was
numerically investigated with respect to the effectiveness of such a structure against waves
and care for the environment. The numerical procedure is based on a combination of the
boundary integral method, which describes deformations of the free surface, and the hybrid
vortex scheme used to simulate the viscous flow under the free surface. The procedure was
validated by our own experimental results as well as by numerical and experimental data
known from other studies available in the literature.

In the calculations, the porosity and configuration of the slotted barrier were varied to
find an optimal solution that takes into account both the hydraulic performance of the barrier
as a breakwater and its capability to generate water exchange flows between the open sea
and the coastal zone. The results obtained are assumed to allow reducing the efforts and
financial costs for the construction of this kind of protective structure.

The barrier porosity was changed from 0 to 0.5, and two configurations of the structure
were considered when its lower element either lies on the bottom or there is a gap between
this element and the seabed. A solitary wave of non-dimensional amplitude A;/h = 0.2 was
examined for the entire numerical experiment. Analysis of the free-surface evolution, as well
as energy transmission and reflection coefficients, revealed that the protective properties of
the structure deteriorate with increasing barrier porosity. The permeability has been found
to have a greater effect on high and narrow barriers than on lower and wider ones. In
addition, Configuration 1 is preferable due to its hydraulic performance.

A study of viscous effects created by the solitary wave around a slotted barrier demon-
strated the development of large-scale counter-rotating vortices on the leeward side of the
obstacle. Their interactions cause the generation of reverse flows in the gaps between the
barrier elements, which is accompanied by the formation of vortex pairs on the windward
side. It has been established that the rate of the water flows directed opposite to the wave
propagation depends more on the distance between the solid elements than on their layout.
When testing various slotted barriers, an increase in the rate of reverse flow several times
was revealed compared to the same impenetrable barrier.

The data obtained in this numerical experiment indicate that a slotted barrier of porosity
0.2 to 0.3 will be the most successful among structures of this type for shore protection and
for sustaining the health of the coastal ecology.
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I. M. I'opbaub, A. C. KopoJiboBa, B. A. Bockobiiinuk, B. M. BoBk
JuHamMika coJliTOHHOT XBUJIi Ta BUXPOBi MO
HaBKOJIO 3aHYPEeHUX HIIJIMHHUX 0ap’epin

3axucTt npubepeKHUX TEPUTOPIH IMTYIHUME CIIOPYIAME € AKTYaJIbHOIO ITPODJIEMOIO JIJIst
CIIIBHOTH, IO 3aMAETHCsT OEPEroBOI0 TEXHIYHOIO iHMPACTPYKTYPOIO. Y IIbOMY ITOCJIi-
JIPKEHH1 /1718 3MEeHIEeHHsI BUCOTH U eHepril XBUJIb TPOIOHYETHCS BUKOPUCTOBYBATH BEP-
TUKAJbHUN 3aHyPEeHUN eKpaH 3 TOPU30HTAJBHUME IIJHHAME. 3YCTPIYalOud Taky Iie-
PEIIKOY, TaJlafouya XBUJIS PO3MAJIAETbCS Ha TPOXigHy Ta Bindouty. OKpiMm Toro, depes
BIJIDUB MOTOKY 31 CTIHOK CHOPY/IM YaCTUHA XBUJIBOBOI €HEPril mepeTBOPIOETHCS Ha Ki-
HETUYIHY €HEPrilo BUXPOBOTO MOJsl. /oC/TiIzKEHHS 30CepeIPKEeH0 Ha OIHII I IpaB/IigaHOol
SIKOCTI I[bOT'O XBUJIETACHUKA, STKA BUMIPIOETHCs KoedirieHTaMu BiTOUTTS 1 TPOXO/I2KEHHS
xBuJIi. TakKoXK 3 MeTOI0 OTpUMAaHHS iHGOpMAIIl PO HAIPSIMKH Ta IHTEHCUBHICTH BOIO-
OOMIHHUX Tediil Ta PO PO3MUB JIOHHOI IIOBEPXHi PO3IVISIAIOTHCA MUPKYJISIIIHI Tporiecu
HaBKOJIO CIIOPYIU. 3a/1a9a aHAI3YEThCsI Y BEPTUKAIBHIN IIJIOIIKHI, JI6 KOHCTPYKIIS Mag
BUIJIsiJ IIiIHHHOTO Oap’epa. llepenbadaeTrbes, mo 6ap’ep CKJIATAETHCS 3 TPhOX HEIPO-
HUKHUX €JIEMEHTIB 1, 3aJI€?KHO BiJl PO3TAIyBaHHS HUXKHBHOT'O €JIeMEHTa BiJTHOCHO JTHA,
npuiiMae OfHy 3 JBOX MOXKJIMBHUX KOHMIryparliil: HUXKHS CeKIlisi JIeXKUTb Ha IHi, abo
Mixk Gap’epoM i MOpCHKUM JHOM € IiinHa. s Bu3HavUeHHs HaAWOLILIN edeKTuBHOL
KOHCTPYKTUBHOI CXEMH TAKOI'0 XBHUJIETACHUKA BUKOHAHO YHCETbHE JIOCTIIZKEHHS B3ae-
MOl coriToHHOl XBui 31 niiunnumu 6ap’epamu pizuol dpopmu Ta nponukHocti. Pos-
BHHEHa 00YNC/IIOBAJIbHA IIPOIEYPa MOEIHYE METO/ IPAHNYHUX IHTErPAJIbHUX DIBHSIHD,
KU BUKOPUCTOBYETHCA JIJI BU3HAUEHHsS nedopMarliiil BiIbHOI TOBEpXHi, i ribpumay
BUXPOBY CXEMY JIJIs MOJEIOBAHHS BUXPOBOIO IOJIs, MOPO/zKeHoro xpuiieo. JlocTosip-
HICTb METOIUKHU IEePEBIPEHO IISIXOM TOPIBHAHHS OTPUMAHUX PE3Y/IbTATIB 3 JaHUMU
Gbi3udHOrO eKCIepuMeHTY, IIPOBEJIEHOTO B €KCIIEPUMEHTAILHOMY KaHaui [HCTUTYTY Ti-
npomexaniku HAHY, a Tako:k i3 pe3ysibraTaMu iHIITUX aBTOPIB. AMILTITY/1a PO3TIISTHY TOT
coslitonHol xBut ckiagana A;/h = 0.2. Anasis eBosolii BUIBHOI [IOBEPXHI, & TAKOXK
eHEepreTUIHNX KOeIIieHTIB BiAOUTTs I IMPOXOIKEHHsI ITOKA3aB, IO 3aXMCHI BJIACTH-
BOCTIi IIIJIMHHOTO 6ap’epa MOTipIIyIOThCs 31 301bIIEHHSIM HOro TPOHUKHOCTI. PaszoMm 3
TUM, BILIUB €(eKTy IMPOHUKHOCTI CUILHIMNIA )T BUCOKUX Ta BY3bKUX Oap’epiB, HiXK
Il HU3bKUX 1 mupokux. Jloc/mimKkeHHsT BUXPOBOTO TOJIs, IKe TeHEPYEThCs COJTITOHHOIO
XBHUJICIO HABKOJIO IIIJIMHHOTO Oap’epa, BUSIBUIO CKJIAAHY KApTUHY Tedil 3 IiIBITPSHOrO
60Ky criopyau. TyT yTBOPIOIOTHCs /IBI BUXPOBI IMapu 3 MPOTUJIEYKHO CIPIMOBAHUX CTPY-
KTYP, B3aEMOJis IKnX (GopMy€e HU3XITHUN 1 BUCXiTHWI MOTOKHW BOIAW B3I0BXK Oap’epa.
Taxoxx I1i BUXOpU BUINITOBXYIOTh PIJAUHY Kpi3b MIJIMHA JI0 HABITPSHOTO OOKY CIIOPY/IH,
3aB/IAKH IOMY YTBOPIOETHCSI 3BOPOTHUI MOTIK BOAU MiXK IPUOEPEKHOI0 30HOIO Ta, Bijl-
KPUTHUM MOPEM. 3aBJIAKN [bOMY IHTEHCUBHICTH BOIOOOMIHY MiXK PI3HMUMEU OOKAMU KOH-
CTPYKIIT 301/IBIIYETHCST HA TIOPSIJIOK, Y TOPIBHSIHHI 3 HETPpOHUKHUM Oap’epoM. OTpumMani
JIaHl CBiIUaTh 1po Te, 1o IinHENi 6ap’ep i3 nopuctictio (0.2...0.3) Oyme HalGLIbIIT
BJAJIIM CepeJ KOHCTPYKIINi IILOT0 TUITY sIK 3 TOYKHU 30Py Oepero3axucty, Tak i st 30e-
peXKeHHs eKOJIOTIl B IprbepeKHiil 30Hi.

KJIFOYOBI CJIOBA: cosiToHHa XBHJISI, 3aHYDPEHHIl XBHJIEIaCHUK, 6ap’ep 3 IOpH30H-
TaJbHAMH IHIIHHAMHE, METOJ I'PAHHIHUX IHTerpaJbHUX PIBHSIHb, BUXPOBHH METOI
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