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Slender bodies of revolution with an attached boundary layer can delay its turbulization
and ensure low pressure drag. That is why studying of the unseparated rigid bodies,
similar in contours to aquatic animals, allowed concluding that the shape itself can
provide low drag inherent in laminar flow. The volumetric friction drag coefficient of
elongated axisymmetric unseparated hulls reaches its minimum at the critical Reynolds
number, which relates their speed, volume, and length with the kinematic viscosity of
the fluid and can be used for optimization in unbounded flows of water or air. The
characteristics of proposed hulls moving on the water surface are still unknown. Nev-
ertheless, it was shown that special shapes with very sharp concave noses, similar to
the fastest fish rostrums, allow removing of stagnation points and high pressures on
the body surface. This effect allows reducing the wave resistance. The potential at-
tached flow of inviscid incompressible fluid around a slender body of revolution moving
horizontally at constant speed near the water surface was simulated with the use of
sources and sinks located on the axis of symmetry and sources and sinks with opposite
intensity located on a corresponding line above the water surface. The absence of the
pressure peaks and low values of the vertical component of velocities on the water sur-
face were demonstrated for specially shaped bodies of revolution with sharp concave
noses for different elongations and depths of movements. For comparison, the same
characteristics were calculated for shapes with convex noses. The total drag, com-
mercial efficiency, and maximal displacement of the laminar hull were estimated. Low
values of drag yield rather high speeds of movement with the use of standard engines.
After corresponding testing, the proposed shapes can be used to reduce the total drag
of ships and rowing racing shells and to increase the speed and commercial efficiency.
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1. INTRODUCTION

Ships or underwater vehicles, which ensure an attached flow pattern on their hulls, are
expected to be the most effective since separation causes intensive vortices in the flow, in-
creasing drag and noise. In the case of slender bodies of revolution, the attached flow pattern
ensures low-pressure drag and can delay laminar-turbulent transitions on their surfaces [11].
Therefore, the skin-friction drag and total drag can be reduced on such bodies. That is why
the unseparated rigid bodies similar to the shape of aquatic animals have attracted great
interest from researchers [11–88]. Testing rigid bodies, similar in shape to that of animals and
at Reynolds numbers close to those associated with real animals has demonstrated the ab-
sence of boundary-layer separation [22]. Attached flow patterns have been observed on gliding
dolphins [33].

On the other hand, most researchers believe that the minimum pressure is always lo-
cated near the midline of the body and renders separation inevitable downstream from the
corresponding cross section [99, 1010]. Nevertheless, theoretical investigations have shown that
a pressure decrease is possible near the tail of some specially shaped bodies of revolution
(e.g. [44, 55, 77, 88, 1111–1313]). Examples of such hulls were also manufactured and tested in wind
tunnels [44, 66, 1313]. Unfortunately, a negative pressure gradient downstream of the maximum
thickness section is not enough to remove the separation. For example, on the specially
shaped Goldschmied’s body [1313], the attached flow pattern was achieved only with the use
of the boundary layer suction. However, for shapes tested in [44,66] the separation was removed
without any active flow control methods. This fact and theoretical estimates of the critical
Reynolds numbers of the laminar-to-turbulent transition [11] allowed the conclusion that in
underwater motion, the shape itself can provide low drag inherent in laminar flow [55], and
very simply solve the well-known Gray paradox concerning the dolphin swimming [1414–1818].

The fastest fish, e.g., sailfish, swordfish, black marlin, etc. have a maximum swimming
speed of around 30 m/s and a very sharp nose – rostrum [22, 1919–2121]. This specific feature of
their shape probably allows these animals to remove stagnation points and high pressures
on the body surface and to reduce the wave drag when moving near the water surface.
The corresponding bodies of revolution with sharp concave noses showed the absence of the
pressure peaks on their shape [77] and much lower vertical velocities on the water surface [88].
Since high pressures on the vessel bow and stern cause the waves on the water surface, these
specially shaped bodies of revolution with sharp concave noses open up prospects for their
use to reduce the wave drag.

After corresponding tower tank experiments, such shapes could be recommended for hulls
of small ships and rowing racing shells. In this paper, we will estimate the drag, maximum
velocity, and commercial efficiency of specially shaped unseparated floating hulls and their
possible application areas.

2. SIMULATION OF THE FLOW NEAR THE WATER SURFACE

We will consider a steady movement of a slender body of revolution along its axis of
symmetry at depth ℎ near the water surface, see Fig. 1Fig. 1. When the Reynolds numbers and
the length to the diameter ratio 𝐿/𝐷 are large enough the potential of the flow can be
simulated with the use of the sets of sources and sinks with intensities 𝑄𝑖 , located at points
(𝜉𝑖, 0, 0), and sources and sinks of inverse intensities −𝑄𝑖, located at points (𝜉𝑖, 2ℎ, 0) (see
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Fig. 1. Body of revolution near the water surface (bold horizontal line) with the length 𝐿 and
maximal diameter 𝐷. Simulation of the inviscid incompressible flow using the sources and sinks

Figure 1 in [88]). Differentiation of the potential yields the following formulas for dimensionless
components of the velocity (based on the velocity of the body movement 𝑈 , [88]):

𝑣𝑥 = 1 +
𝑛∑︁

𝑖=1

𝑣𝑖𝑥, 𝑣𝑟 =
𝑛∑︁

𝑖=1

𝑣𝑖𝑟, (1)

𝑣𝑖𝑥 =
𝑄𝑖(𝑥− 𝜉𝑖)

4𝜋 [(𝑥− 𝜉𝑖)2 + 𝑦2 + 𝑧2]3/2
− 𝑄𝑖(𝑥− 𝜉𝑖)

4𝜋 [(𝑥− 𝜉𝑖)2 + (𝑦 − 2ℎ)2 + 𝑧2]3/2
, (2)

𝑣𝑖𝑦 =
𝑄𝑖𝑦

4𝜋 [(𝑥− 𝜉𝑖)2 + 𝑦2 + 𝑧2]3/2
− 𝑄𝑖(𝑦 − 2ℎ)

4𝜋 [(𝑥− 𝜉𝑖)2 + (𝑦 − 2ℎ)2 + 𝑧2]3/2
, (3)

where 𝑛 is the number of sources and sinks located on the axis of symmetry and corresponding
sources and sinks with opposite intensities, located above the water surface on the line
(𝑧 = 0, 𝑦 = 2ℎ), see Fig. 1Fig. 1.

It follows from (1)(1)–(3)(3) that the vertical velocities on the undisturbed water surface (at
𝑧 = 0) are equal to:

𝑣𝑦(𝑥, ℎ, 0) =
ℎ

2𝜋

𝑛∑︁
𝑖=1

𝑄𝑧

[(𝑥− 𝜉𝑖)2 + ℎ2]3/2
. (4)

It was proposed in [88] to use formula (4)(4) for estimations of the water surface deformations
and wave resistance.

The pressure coefficient on the body surface at 𝑧 = 0 can be calculated as follows, [88]:

𝑐𝑝(𝑥,−𝑅(𝑥), 0) =
2(𝑝− 𝑝∞)

𝜌𝑈2
= 1− 𝑣2𝑥(𝑥,−𝑅(𝑥), 0)− 𝑣2𝑦(𝑥,−𝑅(𝑥), 0), (5)

where 𝑝 and 𝑝∞ are the local pressure and the pressure at infinity at the same depth, 𝜌 is the
water density, 𝑅(𝑥) is the body radius, 𝑣𝑧(𝑥, 𝑦, 0) = 0. We will consider bodies of revolution
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with convex and concave noses using the distributions of sources and sinks:

𝑞1(𝑥) =

{︃
𝑎𝑥2 + 𝑏𝑥, 0 ≤ 𝑥 ≤ 𝑥*;

𝑎1(𝑥− 1)2, 𝑥* ≤ 𝑥 ≤ 1,
(6)

𝑞2(𝑥) =

{︃
𝑐𝑥3 + 𝑑𝑥4, 0 ≤ 𝑥 ≤ 𝑥*;

𝑎1(𝑥− 1)2, 𝑥* ≤ 𝑥 ≤ 1,
(7)

respectively. The values of constant parameters 𝑎, 𝑏, 𝑐, 𝑑, 𝑎1 and 𝑥* can be adjusted to
obtain shapes with different 𝐿/𝐷 ratios. In particular, a shape similar to the sailfish trunk
was calculated in [88] and corresponding vertical velocities on the water surface and pressure
distributions on the body surface were found with the use of eqs. (4)(4) and (5)(5). In this study,
we will consider shapes with smaller and larger values of 𝐿/𝐷 to confirm the findings of
papers [88,2222]. The absence of stagnation points on the concave noses of axisymmetric bodies
with different 𝐿/𝐷 values was demonstrated in [77] for the unbounded flow. Here we will
show that the same applies to bodies moving near the water surface.

3. CALCULATION OF PRESSURE DISTRIBUTION THE BODY SURFACE
AT DIFFERENT DEPTH OF MOVEMENT

Figs. 2Figs. 2 and 33 illustrate the pressure distributions (5)(5) on the surfaces of bodies of revo-
lution with two different aspect ratios (𝐿/𝐷 ≈ 5.3 and 𝐿/𝐷 ≈ 27, respectively). ‘Circles’
represent the pressure coefficient on shapes with convex noses (calculated with the use of
distribution (6)(6) and shown by dashed lines); ‘triangles’ correspond to shapes with concave
noses (calculated with the use of distribution (7)(7) and shown by solid lines). The size of the
markers used in Figs. 2Figs. 2 and 33 increases with the dimensionless depth ℎ/𝐿; the largest ones
represent the case of unbounded flow or infinite depth.

It can be seen that there are no stagnation points (and pressure peaks) on concave noses
(compare ‘triangles’ and ‘crosses’ in Figs. 2Figs. 2 and 33 ) at all values of the depth. In comparison,
𝑐𝑝 → 1.0 near the stagnation points (not shown in the figures). The same result was obtained
in [88] for the body of revolution similar to sailfish (𝐿/𝐷 = 10). The absence of high pressures
allows us to expect a low wave resistance since pressure peaks create the waves on the water
surface [2323–2525]. In the next section, we will calculate the vertical velocities on the water
surface to estimate the amplitude of these waves.

Negative pressure gradients are visible on all shapes upstream and downstream of the
maximum diameter section. This peculiarity probably prevents the separating of the bound-
ary layer (as demonstrated experimentally for a dolphin-like shape, [66]). On the other hand,
concave noses yield zones with positive pressure gradients in their vicinity (see ‘triangles’ in
Figs. 2Figs. 2 and 33 ). A possible separation in these zones needs further investigation.

4. CALCULATION OF VERTICAL VELOCITIES ON THE WATER SUR-
FACE AT DIFFERENT DEPTH OF MOVEMENT

Figs. 4Figs. 4 and 55 illustrate the results of calculations of the dimensionless vertical velocities
(based on the speed of movement 𝑈) on the undisturbed water with the use of eq. (4)(4)
upstream of the axisymmetric bodies with two different aspect ratios (𝐿/𝐷 ≈ 5.3 and 𝐿/𝐷 ≈
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Fig. 2. Bodies with 𝐿/𝐷 = 5.3 and concave (solid lines and ‘triangles’) and convex (dashed lines
and ‘circles’) noses. Lines represent the body radii 𝑅(𝑥), markers represent the pressure

coefficients on the body surfaces .𝑐𝑝(𝑥,−𝑅(𝑥), 0) at different depths of movement ℎ/𝐿, Eq. (5)(5).
The size of markers increases with the increase of depth (the largest ones correspond to the

infinite depth (unbounded flow))

Fig. 3. Slender bodies with 𝐿/𝐷 = 27 and concave (solid lines and ‘triangles’) and convex (dashed
lines and ‘circles’) noses. Lines represent the body radii 𝑅(𝑥), markers represent the pressure
coefficients on the body surfaces 𝑐𝑝(𝑥,−𝑅(𝑥), 0) at different depths of movement ℎ/𝐿, Eq. (5)(5).
The size of markers increases with the increase of depth (the largest ones correspond to the

infinite depth (unbounded flow))
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27, respectively). ‘Circles’ represent the vertical velocities for shapes with convex noses
(calculated with the use of distribution (6)(6) and shown in Figs. 2Figs. 2 and 33 by dashed lines);
‘triangles’ correspond to shapes with concave noses (calculated with the use of distribution (7)(7)
and shown in Figs. 2Figs. 2 and 33 by solid lines). The size of markers increases with dimensionless
depth ℎ/𝐿.

It can be seen that bodies with concave noses cause much lower values of the vertical
velocities on the water surface in comparison with convex noses at the same values of the
depth (compare ‘triangles’ and ‘crosses’ in Figs. 4Figs. 4 and 55). The same result was obtained
in [88] for the body of revolution similar to sailfish (𝐿/𝐷 = 10). Since lower vertical velocities
correspond to smaller deformations of the water surface, we can expect lower values of
wave resistance on bodies with concave noses. As expected, more slender bodies (with
lower magnitudes of the pressure of their surface) yield lower values of the vertical velocity
(compare markers in Figs. 4Figs. 4 and 55).

Figs. 6Figs. 6 and 77 illustrate the results of calculations of the dimensionless vertical velocities
(based on the speed of movement 𝑈) on the undisturbed water with the use of eq. (4)(4)
downstream of the axisymmetric bodies with two different aspect ratios (𝐿/𝐷 ≈ 5.3 and
𝐿/𝐷 ≈ 27, respectively). ‘Circles’ represent the vertical velocities for shapes with the convex
nose (calculated with the use of distribution (6)(6) and shown in Figs. 2Figs. 2 and 33 by dashed lines);
‘triangles’ correspond to shapes with the concave nose (calculated with the use of distribution
(7)(7) and shown in Figs. 2Figs. 2 and 33 by solid lines). The size of markers increases with the increase
of the dimensionless depth ℎ/𝐿.

The magnitudes of vertical velocities downstream of the body with a concave nose and
𝐿/𝐷 ≈ 5.3 (shown in Fig. 2Fig. 2 by the solid line) can be higher than upstream at the same
depth (compare ‘triangles’ in Figs. 4Figs. 4 and 66). It is a result of higher pressure near the tail
(visible in Fig. 2Fig. 2). The corresponding values of |𝑣𝑦(𝑥, ℎ, 0)| are higher than for the body with
a convex nose (shown in Fig. 2Fig. 2 by the dashed line) at the same values of the depth (compare
‘crosses’ and ‘triangles’ in Fig. 6Fig. 6) due to the higher 𝑐𝑝 values near the tail lower (compare
‘crosses’ and ‘triangles’ in Fig. 2Fig. 2).

The magnitudes of vertical velocities downstream of both slender bodies with 𝐿/𝐷 ≈ 27
are very close (compare ‘crosses’ and ‘triangles’ in Fig. 7Fig. 7) and are much lower than upstream
(compare markers in Figs. 5Figs. 5 and 77) due to the similar and low 𝑐𝑝 values near their tails
(visible in Fig. 3Fig. 3). The same result was obtained in [88] for a body of revolution similar in
shape to that of sailfish (𝐿/𝐷 = 10).

5. ESTIMATION OF THE TOTAL DRAG ON SPECIAL SHAPED FLOAT-
ING BODIES OF REVOLUTION WITH CONCAVE NOSES

Since high pressures on the ship hull cause the water surface deformations and wave
resistance [2323–2525], very slender wave-piercing hulls and bulbous bows are used [2626–2828]. At
the same time, it is of interest to improve the shape of the hulls with constant elongation
(L/D ratio) and without using bulbous bows (to minimize added resistance in waves). The
proposed shapes with very thin concave noses yield the solution and open the perspectives for
significantly reducing wave resistance. In particular, it is possible to recommend underwater
hull shapes similar to that shown by solid lines in Figs. 2Figs. 2 and 33 with a waterline providing
small values of depth ℎ. Then we can expect very small values of wave resistance since
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Fig. 4. Vertical velocities on the water surface upstream of the bodies with 𝐿/𝐷 = 5.3
and concave (‘triangles’) and convex (‘circles’) noses at different depths of movement ℎ/𝐿,

Eq. (4)(4). The size of markers increases with the depth

Fig. 5. Vertical velocities on the water surface upstream of the slender bodies with 𝐿/𝐷 = 27
and concave (‘triangles’) and convex (‘circles’) noses at different depths of movement ℎ/𝐿,

Eq. (4)(4). The size of markers increases with the depth
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Fig. 6. Vertical velocities on the water surface downstream of the bodies with 𝐿/𝐷 = 5.3
and concave (‘triangles’) and convex (‘circles’) noses at different depths of movement ℎ/𝐿,

Eq. (4)(4). The size of markers increases with the depth

Fig. 7. Vertical velocities on the water surface downstream of the slender bodies with 𝐿/𝐷 = 27
and concave (‘triangles’) and convex (‘circles’) noses at different depths of movement ℎ/𝐿,

Eq. (4)(4). The size of markers increases with the depth
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the absolute values of vertical velocities on the water surface and its deformation will be
minimal.

The nature of the flow around such hulls requires further experimental research, but the
similarity of their shape to the shape of the body of high-speed fish [22, 1919–2121] allows us to
have a laminar flow without separation of the boundary layer and minimal total resistance.
Let us evaluate this drag and the economic efficiency of vessels with laminar hulls. We will
also estimate the maximum speed of such vehicles.

Let us use the formula for the total drag 𝑋 on the slender body of revolution with
volume 𝑉 in the laminar unbounded flow of incompressible fluid with velocity at infinity 𝑈 .
Since pressure drag can be neglected in the flows without boundary-layer separation and the
wave drag at large values of depth tends to zero, the total drag is close to friction one. In
particular, the volumetric characteristics can be written as follows [11]:

𝐶𝑉 =
2𝑋

𝜌𝑈2𝑉 2/3
=

4.7√
Re𝑉

, Re𝑉 =
𝑈𝑉 1/3

𝜈
. (8)

Here 𝜈 is the kinematic viscosity of water. Formula (8)(8) is valid only for values of the
volumetric Reynolds numbers Re𝑉 , which are lower than the critical one, [11]:

Re*𝑉 =
59558𝜋𝐿2

𝑉 2/3
. (9)

At a small value of depth ℎ, approximately half of an axisymmetric body is wetted by
water. Then we can assume that the drag of the corresponding floating hull is approximately
twice lower, and its displacement 𝑊 is approximately half of the volume 𝑉 , i.e.:

𝑊 ≈ 0.5𝑉. (10)

According to formula (8)(8) the volumetric drag coefficient of the floating hull is 21/3 lower, i.e.,
taking into account (10)(10), the following equations can be used:

𝐶𝑊 ≈ 𝐶𝑉

21/3
=

4.7

21/3
√
Re𝑉

=
4.7√
2Re𝑊

=
3.3√
Re𝑊

, Re𝑊 =
𝑈𝑊 1/3

𝜈
. (11)

The first formula in Eq. (11)(11) shows that for special unseparated laminar hulls, their volumet-
ric drag coefficient is independent of their shapes (in particular, independent of the aspect
ratio 𝐿/𝐷) and can be very small at high Reynolds numbers.

To check this very important point, let us use the flat plate concept [2929], which supposes
that friction drag 𝑋𝑓 on the axisymmetric body can be estimated using the drag coefficient
on the flat plate and the area 𝑆 wetted by water. Using the Blasius solution [99] for the
laminar friction drag coefficient, the corresponding drag coefficient 𝐶𝑥𝑆 (based on the area
𝑆 of the body of revolution wetted by water) can be written as follows:

𝐶𝑥𝑆 =
2𝑋𝑓

𝜌𝑈2𝑆
≈ 1.328√

Re𝐿
, Re𝐿 =

𝑈𝐿

𝜈
. (12)

Using the volumetric characteristics (based on the displacement 𝑊 ) and neglecting the wave
resistance, for the total drag 𝑋 formulae (12)(12) can be rewritten as follows:

𝐶𝑊 =
2𝑋

𝜌𝑈2𝑊 2/3
≈ 𝑘𝑠√

Re𝑊
, 𝑘𝑠 =

1.328𝑆√
𝑊𝐿

. (13)
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In comparison to the first formula (11)(11), the flat plate concept yields some dependence on the
shape due to the coefficient 𝑘𝑠. The values of the shape coefficient 𝑘𝑠 vary from 2.65 to 2.85
for bodies of revolution shown in Figs. 2Figs. 2 and 33. Thus, the flat plate concept yields lower
values of the drag in comparison with formula (11)(11) (𝑘𝑠 = 3.3). Applying this concept to the
slender elliptical bodies of revolution and using empirical Hoerner equations, [2929]:

𝑊 = 0.65𝜋𝐿𝐷2/8, 𝑆 ≈ 0.75𝐿𝜋𝐷/2 (14)

we can obtain 𝑘𝑠 = 3.1.
Thus, Eq. (11)(11) can be used to estimate the total drag on specially shaped bodies of

revolution with concave noses floating at small values of depth. The minimal values of
the volumetric drag coefficient correspond to the maximum of Re𝑊 . Since the estimate
in Eq. (11)(11) is valid only for laminar flow, the minimum of 𝐶𝑊 corresponds to the critical
Reynolds number and with the use of Eqs. (9)(9)–(11)(11) can be estimated as follows:

𝐶
(min)
𝑊 ≈ 0.011

𝑊 1/3

𝐿
. (15)

Eq. (15)(15) shows that the lowest drag coefficients correspond to the very slender bodies
(with high aspect ratio 𝐿/𝐷 and small 𝑊/𝐿3 values). For example, for specially shaped
bodies with concave noses (𝐿/𝐷 ≈ 5.3 and 𝐿/𝐷 ≈ 27, see solid lines in Figs. 2Figs. 2 and 33)

formula (15)(15) yields 𝐶
(min)
𝑊 equal to 0.0023 and 0.00073, respectively. Unfortunately, a drag

coefficient of such low magnitude can only be achieved for rather small ships. With the use
of Eqs. (9)(9) and (10)(10) we can estimate the critical (maximal) displacement of the laminar hull
of length 𝐿 moving at speed 𝑈 and small values of depth:

𝑊 * =
29779𝜋𝜈𝐿2

𝑈
. (16)

If we fix the speed at 15 m/s and 𝐿 = 10 m, then at 𝜈 = 1.3 · 10−6 m2/s, Eq. (16)(16)
yields 𝑊 * = 0.81 m3. According to Eq. (15)(15), the volumetric drag coefficient of such a boat
can be estimated as 0.0009. For longer ships (e.g., 𝐿 = 100 m), the maximal displacement

of a laminar hull is 81 m3 and 𝐶
(min)
𝑊 = 0.00042 (at the same speed 15 m/s). Even for

superlong ships (e.g., 𝐿 = 500 m), the displacement of a laminar hull is only 2025 m3 and

𝐶
(min)
𝑊 = 0.00024. The aspect ratios of the longer and super longer laminar hulls must be

much higher than for the slender body shown in Fig. 3Fig. 3. It could be difficult to manufacture
such very elongated hulls and ensure their strength and stability. At smaller speeds (e.g.,
𝑈 = 10 m/s), the corresponding displacements are 1.5 times higher.

Using multiple slender hulls (see, e.g. [3030]) allows increasing the displacement. Neverthe-
less, the drag coefficient of such ships also increases. For example, the use of 𝑛 equal hulls
each of displacement 𝑊 increases the drag 𝑛 times, and the corresponding volumetric drag
coefficient 𝐶

(𝑛)
𝑊

𝐶
(𝑛)
𝑊 =

2𝑛𝑋

𝜌𝑈2(𝑛𝑊 )2/3
= 𝑛1/3𝐶𝑊 (17)

𝑛1/3 times (the interference of hulls is neglected).
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6. SPEED LIMITATIONS FOR EFFECTIVE FLOATING VEHICLES WITH
SPECIALLY SHAPED HULLS

The expected low values of the wave resistance on special-shaped hulls with concave noses
allow us to go beyond the well-known limit for the Froude number Fr*𝐿 = 𝑈/

√
𝑔𝐿 ≈ 0.4. Its

exceeding causes the drastic increase of the wave resistance on standard hulls with stagnation
points, [3131]. On the other hand, there are some limitations connected with the economical
efficiency: the drag-to-weight ratio 1/𝑘 [11, 3232]. The vehicle with the minimal value of this
ratio ensures the maximum of ton-kilometers per unit of time [3232]. At a fixed amount of
fuel (or electrical energy) on board, a vehicle with a maximum value of 𝑘 has the maximum
range [11].

Replacing 𝑉 by 𝑊 in corresponding formulas of paper [11] and taking into account
Eq. (10)(10), we can obtain

1

𝑘
=

1− 𝛼

𝑘𝑊
+

𝐶𝑊𝜌𝑈2𝑊 2/3

2𝑚𝑔
=

1− 𝛼

𝑘𝑊
+ 0.5𝛼𝐶𝑊Fr2𝑊 , 𝛼 =

𝜌𝑊

𝑚
, Fr2𝑊 =

𝑈2

𝑔𝑊 1/3
=

Fr2𝐿𝐿

𝑊 1/3
,

(18)
where 𝑘𝑊 is the ratio of the lifting force to the drag. For a neutral buoyant vehicle 𝛼 = 1.
Then for a ship with the special shaped laminar hull, Eqs. (11)(11) and (18)(18) yield:

𝑘 ≈ 0.6
√
Re𝑊

𝐹𝑟2𝑊
=

0.6𝑔𝑊 1/2

𝑈3/2𝜈1/2
. (19)

Formula (19)(19) shows that the increase of commercial efficiency can be achieved by decreasing
speed and increasing displacement. For example, at 𝑊 = 1 m3 and 𝜈 = 1.3 · 10−6 m2/s we
can obtain 𝑘 = 163 at speed 10 m/s and 𝑘 = 31 at 𝑈 = 30 m/s. Thus, the ships with new
hulls will be rather effective even at high values of the velocity, since for planning vehicles it
is practically impossible to achieve values of the lift-to-drag ratio 𝑘𝑊 greater than 20.

Since the commercial efficiency increases at higher Reynolds numbers (see Eq. (19)(19)),
which are limited by Eq. (9)(9), then its maximal value 𝑘max corresponds to the critical Reynolds
number. Using Eqs. (9)(9) and (19)(19) yields:

𝑘max ≈ 206Fr−2
𝐿 . (20)

Formula (20)(20) shows that the maximal value of the commercial efficiency depends only on
the Froude number. In particular, the shape and the use of multiple laminar hulls with the
concave nose do not change the value of 𝑘max = 𝑘

(𝑛)
max.

At large Froude numbers the commercial efficiency of neutral buoyant vehicles decreases.
Then the planning vehicles can become more effective. Taking the maximum value 𝑘𝑊 = 20
for planning boats we can calculate the maximal Froude number for effective neutral buoyant
ships with special shaped hulls:

Fr𝐿,max ≈ 3.2. (21)

For example, according to (21)(21) at speed 20 m/s the length of effective boats must be grater
than 4 m.

The speed of any vehicle is limited by the power of its engine. The ratio 𝑝𝑊 of the
engine power to its weight (including the weight of fuel or electrical batteries) is the most
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important characteristic to estimate the maximal speed. Taking into account that only a
part 0 < 𝑘𝑃 ≤ 1 of engine power 0 < 𝑘𝑃 ≤ 1 can be transformed to the power of steady
motion 𝑋𝑈 of a vehicle and the fact that the weight of the engine together with the weight
of the fuel (or accumulators) 𝑔𝑚𝑎 is only a part 0 < 𝑘𝑚 ≤ 1 of the total vehicle weight, the
following relationships can be written, [2222]:

𝑝𝑊 =
𝑃𝑎

𝑔𝑚𝑎

=
𝑋𝑈

𝑘𝑃𝑘𝑚𝑚𝑔
=

𝑋𝑈

𝑘𝑃𝑘𝑚𝜌𝑊𝑔
=

𝜌𝐶𝑊𝑈2𝑊 2/3𝑈

2𝑘𝑃𝑘𝑚𝜌𝑊𝑔
=

𝐶𝑊𝑈3

2𝑘𝑃𝑘𝑚𝑔𝑊 1/3
. (22)

Eq. (22)(22) allows estimating the velocity, which can be achieved at given values of 𝑝𝑊 , 𝑘𝑚,
and 𝑘𝑃 :

𝑈 =
3

√︃
2𝑝𝑊𝑘𝑃𝑘𝑚𝑔𝑊 1/3

𝐶𝑊

=
𝑘𝑡𝑊

1/9

𝐶
1/3
𝑊

, 𝑘𝑡 =
3
√︀

2𝑝𝑊𝑘𝑃𝑘𝑚𝑔. (23)

Formula (23)(23) shows that the achievable velocity increases slowly with the increase of displace-
ment and with diminishing the volumetric drag coefficient. For ships using new specially
shaped laminar hulls with concave noses, we can substitute formula (11)(11) for 𝐶𝑊 into (23)(23) to
obtain:

𝑈 = 0.62
𝑘
6/5
𝑡 𝑊 1/5

𝜈1/5
. (24)

Thus, the maximum velocity of such boats does not depend on the hull shape (in particular,
shapes with different 𝐿/𝐷 values can be used) and very slightly increases with increasing
their displacement.

Let us estimate the maximum possible speed of boats with the new hull shape, taking the
value 𝑝𝑊 = 50 m/s typical for turbocharged diesel engines [3333], small outboard motors [3434]
and electrical accumulators [3535]. If values 𝑘𝑃 and 𝑘𝑚 range between 0.1 and 1.0, then
according to the second formula (23)(23), 𝑘𝑡 values will be between 2.1 and 9.9 m2/3/s. Taking
in (24)(24) the minimal value 𝑘𝑡 = 2.1 m2/3/s, 𝜈 = 1.3 ·10−6 m2/s and 𝑊 = 0.3 m3, the maximal
speed of a specially shaped boat can be estimated as 17.9 m/s. The maximal velocity of a
typical small dinghy is around 8 knots or 4.1 m/s [3434].

At higher values of 𝑘𝑡 and /or for larger specially shaped ships, higher speeds can be
achieved (see, Eq. (24)(24). This makes the problem of cavitation on the hull or propellers
relevant. The critical speed of the cavitation inception 𝑈* on the hull can be estimated with
the use of condition 𝜎 = −𝐶

(min)
𝑃 [3636], where 𝐶

(min)
𝑃 is the minimum value of the pressure

coefficient on the vehicle surface; 𝜎 = 2𝑝𝑎𝑡/(𝜌𝑈
2) is the cavitation number; the depth of

movement and the pressure inside the cavity in comparison with the atmospheric pressure
pat are neglected. On slender bodies shown in Fig. 3Fig. 3 𝐶

(min)
𝑃 ≈ −0.1, then 𝑈* ≈ 45 m/s.

Cavitation on propellers may start at lower velocities of ship movement. In particular, in
the wake after the fastest passenger ship Francisco High-Speed Ferry [3737] (𝑈 = 26.7 m/s;
𝐿 = 99 m; Fr𝐿 = 0.86), a huge amount of bubbles occurs. This phenomenon decreases
commercial efficiency.

7. CONCLUSIONS

The pressure distributions on the specially shaped bodies of revolutions moving along the
axis of symmetry near the water surface are calculated using the potentials of sources and
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sinks. The absence of the stagnation points and a pressure increase on the sharp concave
noses, similar in shape to the rostrums of the fastest fish, was illustrated. This allows for
diminishing the vertical velocities on the water surface and wave resistance.

The calculated new shapes can be recommended for underwater parts of the ship hulls
to reduce the total drag and improve commercial efficiency. The lowest values of drag and
the highest efficiency correspond to the laminar flow pattern, for which estimations of the
drag, commercial efficiency, displacement, and maximal speed are presented.

To check the obtained theoretical results, further experimental studies are necessary. In
the case of success, the new special-shaped hull can be recommended for shipbuilding, in
particular, to increase the speed and range of unmanned vehicles.
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I. Г. Нестерук
Спецiально спрофiльованi ламiнарнi корпуси малого опору

для збiльшення швидкостi та комерцiйної ефективностi
плаваючих апаратiв

Тонкi тiла обертання з приєднаним примежовим шаром можуть затримувати його
турбулiзацiю й забезпечують низький опiр тиску. Тому дослiдження безвiдрив-
них твердих тiл, подiбних до обводiв водних тварин, дозволило зробити висно-
вок, що сама форма може забезпечувати низький опiр, властивий ламiнарнiй течiї.
Об’ємний коефiцiєнт опору тертя видовжених осесиметричних безвiдривних кор-
пусiв досягає свого мiнiмуму при критичному числi Рейнольдса, яке пов’язує їхню
швидкiсть, об’єм i довжину з кiнематичною в’язкiстю рiдини та може використову-
ватися для оптимiзацiї в необмежених потоках води або повiтря. Характеристики
запропонованих корпусiв, що рухаються по поверхнi води, поки невiдомi. Тим не
менш, було показано, що спецiальнi форми з дуже гострими увiгнутими носиками,
схожi на роструми найшвидших риб, дозволяють усунути точки гальмування й
високий тиск на поверхнi тiла. Цей ефект дозволяє зменшити хвильовий опiр. По-
тенцiальний безвiдривний потiк нев’язкої нестисливої рiдини навколо тонкого тiла
обертання, що рухається горизонтально з постiйною швидкiстю поблизу поверхнi
води, моделювався з використанням джерел i стокiв, розташованих на осi симетрiї,
та джерел i стокiв протилежної iнтенсивностi, розташованих на вiдповiднiй лiнiї
вище поверхнi води. Продемонстровано вiдсутнiсть пiкiв тиску та малi значення
вертикальної складової швидкостi на воднiй поверхнi для тiл обертання особли-
вої форми з гострими увiгнутими носиками для рiзних значень видовження та
глибини руху. Для порiвняння, тi ж характеристики були розрахованi для форм з
опуклими носиками. Оцiнено повний опiр, комерцiйну ефективнiсть i максимальну
водотоннажнiсть ламiнарного корпуса. Низькi значення повного опору дозволяють
отримати досить високi швидкостi руху при використаннi стандартних двигунiв.
Пiсля вiдповiдних випробувань запропонованi форми можуть використовуватись
для зменшення повного опору суден i веслувальних човнiв, а також для пiдвище-
ння швидкостi та комерцiйної ефективностi.

КЛЮЧОВI СЛОВА: комерцiйна ефективнiсть, зменшення опору, захист навколи-
шнього середовища, нероздiльнi форми, хвильовий опiр
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