
ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 20 { 27��� 532.5��������� ������� ��������� ������������� �������. �. ��������, �. �. �������, �. �. ��������, �. ������������,��áâ¨âãâ £¨¤à®¬¥å ¨ª¨ ��� �ªà ¨ë, �¨¥¢�� Eindhoven University of Technology�®«ãç¥® 10.02.99� áá¬ âà¨¢ ¥âáï ®á¥á¨¬¬¥âà¨ç®¥ â¥ç¥¨¥ �â®ªá  ¢¥ âà¥å â®ª¨å ª®«ìæ¥¢ëå ¤¨áª®¢. �  ®á®¢ ¨¨ â¥®à¨¨ £¨¤à®-¤¨ ¬¨ç¥áª¨å ¯®â¥æ¨ «®¢ ¨ ¬¥â®¤  ®àâ®£® «ìëå ¯®«¨®¬®¢ á®®â¢¥âáâ¢ãîé ï £à ¨ç ï § ¤ ç  ¤«ï ãà ¢¥¨©�â®ªá  á¢¥¤¥  ª ¡¥áª®¥ç®© á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ¢â®à®£® à®¤ . � à¥§ã«ìâ â¥ ç¨á«¥ëåà áç¥â®¢ ¯à®  «¨§¨à®¢   § ¢¨á¨¬®áâì § ç¥¨ï á¨«ë á®¯à®â¨¢«¥¨ï ®â £¥®¬¥âà¨ç¥áª®£® ¯ à ¬¥âà  ¨ ¯à¥¤áâ -¢«¥ë «¨¨¨ â®ª , ®¯¨áë¢ îé¨¥ ª¨¥¬ â¨ç¥áªãî ª àâ¨ã â¥ç¥¨ï.�®§£«ïãâ® ®á¥á¨¬¥âà¨çã â¥ç÷î �â®ªá  ¯®§  âàì®å â®ª¨å ª÷«ìæ¥¢¨å ¤¨áª÷¢. �  ®á®¢÷ â¥®à÷ù £÷¤à®¤¨ ¬÷ç¨å¯®â¥æ÷ «÷¢ ÷ ¬¥â®¤ã ®àâ®£® «ì¨å ¯®«÷®¬÷¢ ¢÷¤¯®¢÷¤  £à ¨ç  § ¤ ç  ¤«ï à÷¢ïì �â®ªá  §¢¥¤¥  ¤® á¨áâ¥¬¨«÷÷©¨å  «£¥¡à ùç¨å à÷¢ïì ¤àã£®£® à®¤ã. � à¥§ã«ìâ â÷ ç¨á¥«ì¨å à®§à åãª÷¢ ¯à®  «÷§®¢ ® § «¥¦÷áâì á¨«¨®¯®àã ¢÷¤ § ç¥ï £¥®¬¥âà¨ç®£® ¯ à ¬¥âà  â  ¯à¥¤áâ ¢«¥® «÷÷ù â¥ç÷ù, é® ®¯¨áãîâì ª÷¥¬ â¨çã ª àâ¨ã ¯®â®ªã.The axisymmetric Stokes ow past three thin annular disks is considered. The system of Fredholm integral equationsof the �rst kind with a logarithmic singularity, obtained from the condition of zero velocity at the disks, is transformedinto an in�nite linear system of algebraic equations of the second kind. The expansions of unknown densities in terms ofthe Chebyshev polynomials are used for this reducing. The geometrical parameter value dependence of the drag forces isanalysed. The streamlines are presented to describe the kinematics of the ow.��������� áá¬ âà¨¢ ¥âáï § ¤ ç  ® áâ æ¨® à®¬ ®á¥-á¨¬¬¥âà¨ç®¬ â¥ç¥¨¨ �â®ªá  ¢ï§ª®© ¥á¦¨¬ ¥-¬®© ¦¨¤ª®áâ¨ ¯à¨ ®¡â¥ª ¨¨  ¡¥£ îé¨¬ ¨§ ¡¥á-ª®¥ç®áâ¨ à ¢®¬¥àë¬ ¯®â®ª®¬ âà¥å ª® ªá¨ «ì-® à á¯®«®¦¥ëå â®ª¨å ¦¥áâª¨å ª®«ìæ¥¢ëå ¤¨á-ª®¢. � §à ¡®âª   «£®à¨â¬  à áç¥â®¢ ¨   «¨§â ª®© ¬®¤¥«ì®© § ¤ ç¨ ¬®¦¥â ¡ëâì ¯®«¥§ë¬¯à¨ ¨§ãç¥¨¨ ¡®«¥¥ á«®¦ëå â¥ç¥¨©, ¢ë§ë¢ ¥-¬ëå ¤¢¨¦¥¨¥¬ £¥«¨ª®¨¤ «ìëå ¨¬¯¥««¥à®¢ [1].�â æ¨® à®¥ â¥ç¥¨¥ �â®ªá  ¢ à §«¨çëå®¡« áâïå ï¢«ï¥âáï ®¡ê¥ªâ®¬ ¬®£¨å ¨áá«¥¤®¢ ¨©.� àï¤ã á ¯®«ãç¥¨¥¬ â®çëå à¥è¥¨© ãà ¢¥¨©�â®ªá  [2],  ªâ¨¢® à §¢¨¢ îâáï ç¨á«¥ë¥ ¬¥â®-¤ë à¥è¥¨ï £à ¨çëå § ¤ ç (á¬. ®¡§®à [3]). �à¨íâ®¬ ¢ ¦ë¬ ï¢«ï¥âáï   «¨§ § ç¥¨ï ª®íää¨-æ¨¥â  á®¯à®â¨¢«¥¨ï à áá¬ âà¨¢ ¥¬®£® ®¡â¥ª -¥¬®£® ¯à¥¯ïâáâ¢¨ï, ¨áá«¥¤®¢ ¨¥ ¯®¢¥¤¥¨ï «¨¨©â®ª  ¢ áâ æ¨® àëå â¥ç¥¨ïå �â®ªá  ¨ ¤¨ ¬¨ª¨� £à ¦¥¢ëå ç áâ¨æ [2,4].�à ¨çë¬ § ¤ ç ¬ â¥®à¨¨ ¯®â¥æ¨ «  ¤«ïª®«ìæ¥¢®£® ¤¨áª  ¯®á¢ïé¥ë à ¡®âë [5, 6]. �[7] ¯à¨¢¥¤¥ë à¥§ã«ìâ âë íªá¯¥à¨¬¥â «ìëå ¨ç¨á«¥ëå ¨ááá«¥¤®¢ ¨© § ç¥¨ï á®¯à®â¨¢«¥¨ïª®«ìæ¥¢®£® ¤¨áª , ¢®§¨ª îé¥£® ¯à¨ ¥£® ®¡â¥ª -¨¨ ¯®â®ª®¬ �â®ªá , ¤«ï ç¨á«¥®£® ¬®¤¥«¨à®¢ -¨ï ¨á¯®«ì§®¢ « áì ¬®¤¥«ì â®ç¥çëå ¨áâ®ç¨ª®¢,à á¯®«®¦¥ëå   ¯®¢¥àå®áâ¨ ¤¨áª  (\beads-on-a-shell model"). � áâ âìïå [8, 9]   ®á®¢ ¨¨ ¬¥-

â®¤  âà®©ëå ¨â¥£à «ìëå ãà ¢¥¨© ¤ ® á¢¥-¤¥¨¥ § ¤ ç¨ ® ¤¢¨¦¥¨¨ ª®«ìæ¥¢ëå ¤¨áª®¢ ¢ ¦¨¤-ª®áâ¨ �â®ªá  ª á¨áâ¥¬¥ ¨â¥£à «ìëå ãà ¢¥¨©�à¥¤£®«ì¬  ¢â®à®£® à®¤ .� ¤ ®© à ¡®â¥, ¯®   «®£¨¨ á [5], ¤«ï á¢¥¤¥¨ï£à ¨ç®© § ¤ ç¨ ¤«ï ãà ¢¥¨© �â®ªá  ª á¨áâ¥¬¥¨â¥£à «ìëå ãà ¢¥¨© ¨á¯®«ì§ã¥âáï £¨¤à®¤¨ -¬¨ç¥áª¨© ¯®â¥æ¨ « ¯à®áâ®£® á«®ï [10]. � à¥§ã«ì-â â¥ ¯®«ãç ¥âáï á¨áâ¥¬  ¨â¥£à «ìëå ãà ¢¥¨©¯¥à¢®£® à®¤  á ï¤à ¬¨, ¨¬¥îé¨¬¨ «®£ à¨ä¬¨ç¥-áª¨¥ ®á®¡¥®áâ¨. �¤¨¬ ¨å íää¥ªâ¨¢ëå ¬¥â®-¤®¢ ç¨á«¥®£® à¥è¥¨ï â ª¨å á¨áâ¥¬ ï¢«ï¥âáï ¬¥-â®¤ ®àâ®£® «ìëå ¯®«¨®¬®¢ (á¬. [12, 13]): ¨á-¯®«ì§®¢ ¨¥ à §«®¦¥¨© ¥¨§¢¥áâëå ¯«®â®áâ¥©¯® ¯®«¨®¬ ¬ �¥¡ëè¥¢  ¯¥à¢®£® à®¤  ¤ ¥â ¢®§-¬®¦®áâì á¢¥áâ¨ ¨â¥£à «ìë¥ ãà ¢¥¨ï ª ¡¥á-ª®¥ç®© á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-¥¨© ¢â®à®£® à®¤ . � áâ âì¥ ¤ ® ®¡áã¦¤¥¨¥ íä-ä¥ªâ¨¢®áâ¨ à §à ¡®â ®£® ç¨á«¥®£®   «¨â¨-ç¥áª®£® ¯®¤å®¤ . �à®  «¨§¨à®¢ ë ¯®«ãç¥ë¥ç¨á«¥ë¥ à¥§ã«ìâ âë, ®â®áïé¨¥áï ª ¨§¬¥¥¨î¯®¢¥¤¥¨ï «¨¨© â®ª  ¨ § ç¥¨ï ª®íää¨æ¨¥â®¢á®¯à®â¨¢«¥¨ï ¤¨áª®¢ ¯à¨ ¢ à¨ æ¨¨ £¥®¬¥âà¨ç¥-áª¨å ¯ à ¬¥âà®¢ § ¤ ç¨.1. ����� �������� áá¬®âà¨¬ áâ æ¨® à®¥ â¥ç¥¨¥ �â®ªá  ¢¥âà¥å â®ª¨å ¦¥áâª¨å ª®«ìæ¥¢ëå ¤¨áª®¢. � æ¨-«¨¤à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â (�; �; z) ¤¨áª¨20 c �. �. �®¬¨«ª®, �. �. � «î£ , �. �. �¥«¥èª®, �. �¥à¡àî££¥, 2001



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 20 { 27Dj; j = 0;�1 á ¢ãâà¥¨¬ ¨ ¢¥è¨¬ à ¤¨ãá -¬¨ a0; a1 ®¯à¥¤¥«ïîâáï á®®â®è¥¨ï¬¨D0 : a0 < � < a1; 0 � � < 2�; z = 0;D�1 : a0 < � < a1; 0 � � < 2�; z = �h0; h0 > 0:�á¥á¨¬¬¥âà¨ç®¥ ¯®«¥ áª®à®áâ¨ â¥ç¥¨ï v ®¯à¥-¤¥«ï¥âáï ª®¬¯®¥â ¬¨ v�(�; z) ¨ vz(�; z);   ¤¢¨¦¥-¨¥ ¦¨¤ª®áâ¨ ®¯¨áë¢ ¥âáï ãà ¢¥¨ï¬¨ �â®ªá ,¯à¨¢¥¤¥ë¬¨ ¢ ¡¥§à §¬¥à®© ä®à¬¥:r2v = rp; r � v = 0; (1)£¤¥ p { áª «ïà®¥ ¯®«¥ ¤ ¢«¥¨ï. �ç¨â ¥¬, çâ®  -¡¥£ îé¨© ¯®â®ª ¨¬¥¥â   ¡¥áª®¥ç®áâ¨ ¡¥§à §-¬¥àãî áª®à®áâì v1 = (0; 0;�1). �à¨ íâ®¬ £à -¨çë¥ ãá«®¢¨ï   ¯®¢¥àå®áâ¨ ¤¨áª®¢ ¨   ¡¥áª®-¥ç®áâ¨ ¨¬¥îâ ¢¨¤:v�(�; 0) = vz(�; 0) = 0; � 2 (b; 1); (2)v�(�;�h) = vz(�;�h) = 0; � 2 (b; 1); (3)v�(�; z)! 0; vz(�; z)+1! 0; (p�2 + z2 !1); (4)£¤¥ b = a0=a1; h = h0=a1.�¢¥¤¥¨¥ § ¤ ç¨ (1) { (4) ª á¨áâ¥¬¥ ¨â¥£à «ì-ëå ãà ¢¥¨© ¯à®¢¥¤¥¬   ®á®¢ ¨¨ â¥®à¨¨£¨¤à®¤¨ ¬¨ç¥áª¨å ¯®â¥æ¨ «®¢ [10],   ¨¬¥®¯à¥¤áâ ¢¨¬ ¯®«¥ áª®à®áâ¨ ¢ ä®à¬¥ £¨¤à®¤¨ ¬¨-ç¥áª®£® ¯®â¥æ¨ «  ¯à®áâ®£® á«®ï. �«ï ¯®â®ª ¢¡«¨§¨ ®á¥á¨¬¬¥âà¨ç®£® â¥«  ¨â¥£à¨à®¢ ¨¥ ¯®ã£«®¢®© ª®®à¤¨ â¥ � ®â 0 ¤® 2� ¢ ¢ëà ¦¥¨¨ ¤«ï¯®â¥æ¨ «  ¯à®áâ®£® á«®ï ¬®¦¥â ¡ëâì ¢ë¯®«¥-®   «¨â¨ç¥áª¨,   à¥§ã«ìâ â ¢ëà ¦¥ ç¥à¥§ ¯®«-ë¥ í««¨¯â¨ç¥áª¨¥ ¨â¥£à «ë [2]. �¥®¡å®¤¨¬ë¥¤«ï ¨â¥£à¨à®¢ ¨ï ä®à¬ã«ë ¯à¨¢¥¤¥ë ¢ [16]. �æ¥«ïå ªà âª®áâ¨ ¨§«®¦¥¨ï ¬ â¥¬ â¨ç¥áª¨¥ ¢ë-ª« ¤ª¨ ®¯ãáª ¥¬,   ¯à¨¢¥¤¥¬ «¨èì ®ª®ç â¥«ìë¥¢ëà ¦¥¨ï. �®«¥ áª®à®áâ¨ ¨ ¤ ¢«¥¨ï ¢ ¯®â®ª¥,®¡â¥ª îé¥¬ âà¨ ¤¨áª , ¯à¥¤áâ ¢«¥® ¢ æ¨«¨¤à¨-ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â:v�(�; z) = v0�(�; z) + v1�(�; z) � v1�(�;�z); (5)vz(�; z) = �1 + v0z(�; z) + v1z(�; z) + v1z (�;�z); (6)p(�; z) = p0(�; z) + p1(�; z) � p1(�;�z); (7)£¤¥v0�(�; z) = z4�� Z 1b l1(r)rp(� + r)2 + z2(K(�)�� r2 � �2 + z2(� � r)2 + z2E(�))dr; (8)

v1�(�; z) = 14�� Z 1b l2(r)p(� + r)2 + (z � h)2 ��((�2 + r2 + 2(z � h)2)K(�1)� "(� + r)2 ++(z � h)2�1 + r2 + �2 + (z � h)2(�� r)2 + (z � h)2�#E(�1))dr++z � h4�� Z 1b l3(r)rp(� + r)2 + (z � h)2(K(�1) � (9)� r2 � �2 + (z � h)2(�� r)2 + (z � h)2E(�1))dr:v0z (�; z) = 12� Z 1b l1(r)rp(� + r)2 + z2(K(�)++ z2(� � r)2 + z2E(�))dr; (10)v1z(�; z) = � (z � h)4� Z 1b l2(r)p(� + r)2 + (z � h)2��(K(�1)� �2 � r2 + (z � h)2(� � r)2 + (z � h)2E(�1))dr++ 12� Z 1b l3(r)rp(�+ r)2 + (z � h)2(K(�1)++ (z � h)2(� � r)2 + (z � h0)2E(�1))dr: (11)p0(�; z)= z� Z 1b l1(r)rp(� + r)2 + z2 E(�)(� � r)2 + z2 dr; (12)p1(�; z) = � 12� Z 1b l2(r)p(� + r)2 + (z � h)2(K(�1) �� �2 � r2 + (z � h)2(� � r)2 + (z � h)2E(�1))dr + (13)+z � h� Z 1b l3(r)rp(� + r) + (z � h)2 �� E(�1)(� � r)2 + (z � h)2 dr:�¤¥áì ¨ ¤ «¥¥� � �(�; z; r) = 2r �r(�+ r)2 + z2 ;�1 � �1(�; z; r) = �(�; z � h; r); j = 1; 2;�. �. �®¬¨«ª®, �. �. � «î£ , �. �. �¥«¥èª®, �. �¥à¡àî££¥ 21



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 20 { 27  K(�); E(�) { ¯®«ë¥ í««¨¯â¨ç¥áª¨¥ ¨â¥£à «ë¯¥à¢®£® ¨ ¢â®à®£® à®¤ .�¤®¢«¥â¢®à¥¨¥ £à ¨çëå ãá«®¢¨© (2), (3) ¢ à -¢¥áâ¢ å (5), (6) ¨ (8) - (11), ®¯à¥¤¥«ïîé¨å ¯®«¥áª®à®áâ¨, ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ «¨¥©ë¬ ¨â¥-£à «ìë¬ ãà ¢¥¨ï¬ ¯¥à¢®£® à®¤ , ¢ª«îç îé¨¬âà¨ ¥¨§¢¥áâë¥ äãªæ¨¨ lj(r); j = 1; 2; 3 :14� 3Xj=1 Z 1b lj(r)Qi;j(�; r)dr = 1� �i2;� 2 (b; 1); i = 1; 2; 3; (14)£¤¥ ï¤à Q1;1 = 2r�+ rK(�0); Q1;2 = 2hp(�+ r)2 + h2 ���K(�3) � �2 � r2 + h2(� � r)2 + h2E(�3)� ;Q1;3 = 4rp(� + r)2 + h2(K(�3) ++ h2(� � r)2 + h2E(�3));Q2;1 = hr�p(�+ r)2 + h2(K(�3)�� r2 � �2 + h2(� � r)2 + h2E(�3));Q2;2 = (�2 + r2)�(� + r) �K(�0)� (�+ r)2�2 + r2 E(�0)��� 1�p(� + r)2 + 4h2((�2 + r2 + 8h2)K(�4) ���(� + r)2+ 4h2�1+ r2 + �2 + 4h2(� � r)2 + 4h2��E(�4));Q2;3 = 2hr�p(�+ r)2 + 4h2(K(�4)�� r2 � �2 + 4h2(� � r)2 + 4h2E(�4)); Q3;1 = 12Q1;3;Q3;2 = 2hp(� + r)2 + 4h2(K(�4)�� �2 � r2 + 4h2(� � r)2 + 4h2E(�4));Q3;3 = 2r�+ rK(�0) + 2rp(�+ r)2 + 4h2(K(�4) ++ 4h2(� � r)2 + 4h2E(�4));

¨ �0 = 2r �r� + r ; �3 = 2r �r(�+ r)2 + h2 ;�4 = 2r �r(� + r)2 + 4h2 :�¨áâ¥¬  ¨â¥£à «ìëå ãà ¢¥¨© (14) ¬®¦¥â¡ëâì à¥è¥  ç¨á«¥®. �à ¢¥¨ï (14) ï¢«ïîâáï¨â¥£à «ìë¬¨ ãà ¢¥¨ï¬¨ á «®£ à¨ä¬¨ç¥áª®©á¨£ã«ïà®áâìî ¯à¨ ��r ! 0: �¥©áâ¢¨â¥«ì®, ¨á-¯®«ì§ãï  á¨¬¯â®â¨ç¥áª®¥ à §«®¦¥¨¥ ¯®«ëå í«-«¨¯â¨ç¥áª¨å ¨â¥£à «®¢ ¤«ï  à£ã¬¥â , ¡«¨§ª®£®ª 1, ¬®¦® «¥£ª® ¯®ª § âì, çâ® ¯à¨ j � � r j! 0Qi;j = ��ij ln j � � r j� + r + 0(1); i; j = 1; 2; 3: (15)� ¯à¨æ¨¯¥, ¨â¥£à¨à®¢ ¨¥ äãªæ¨¨ á «®£ à¨ä-¬¨ç¥áª®© á¨£ã«ïà®áâìî ¬®¦¥â ¡ëâì ¢ë¯®«¥-® «®£ à¨ä¬¨ç¥áª®© ª¢ ¤à âãà®© � ãáá , å®âï ¡®-«¥¥ ¯à¨¥¬«¥¬ë¬ ï¢«ï¥âáï ¯®¤å®¤, ¢¥¤ãé¨© ª ¤®-áâ â®ç® â®ç®© ¨ «¥£ª® à¥ «¨§ã¥¬®© ç¨á«¥®©áå¥¬¥. � íâ®© æ¥«ìî ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ®à §«®¦¥¨¥ ¥¨§¢¥áâëå ¯«®â®áâ¥© ¯® á®¡áâ¢¥-ë¬ äãªæ¨ï¬, çâ® ¯à¨¢®¤¨â ¨â¥£à «ìë¥ ãà ¢-¥¨ï ª á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-¥¨©. �«¥¤ãï ¬¥â®¤ã ®àâ®£® «ìëå ¯®«¨®¬®¢[13], ¥¨§¢¥áâë¥ äãªæ¨¨ à áª« ¤ë¢ îâáï ¯® ¯®-«¨®¬ ¬ �¥¡ëè¥¢  Tm ¯¥à¢®£® à®¤ . �«ï r 2 (b; 1)¨ j = 1; 2; 3lj(r) = l̂j(r)p(1� r)(r � b) ; l̂j(r) = 1Xm=0 lj;mT̂m(r);T̂m(r) = Tm �2r � b� 11� b � : (16)�®á«¥ ¯®¤áâ ®¢ª¨ ¯à¥¤áâ ¢«¥¨ï (16) ¢ ¨â¥-£à «ìë¥ ãà ¢¥¨ï (14) ¨ ¨á¯®«ì§®¢ ¨ï á®®â®-è¥¨©Z 1b 1p(1� r)(r � b) ln j � � r j� + r dr = � ln g(�);Z 1b T̂m(r)p(1� r)(r � b) ln j �� r j�+ r dr == � �m hT̂m(�) � (�1)mgm(�)i; m > 0;£¤¥ g(�) = 2� + 1 + b1� b �s�2� + 1 + b1 + b �2 � 1;¨ á®®â®è¥¨© ®àâ®£® «ì®áâ¨Z 1b T̂n(r)T̂m(r)p(1� r)(r � b)dr = �2 �nm(1 + �0m); (17)22 �. �. �®¬¨«ª®, �. �. � «î£ , �. �. �¥«¥èª®, �. �¥à¡àî££¥



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 20 { 27á«¥¤ã¥â, çâ®li;jci;j + 14� 3Xj=1 1Xm=0 lj;m Z 1b Z 1b �Qi;j(�; r)++�i;j ln j � � r j 	 T̂i(�)p(1� �)(� � b)�� T̂m(r)p(1 � r)(r � b)drd� = (1� �i2)�0;j�;i = 1; 2; 3; j = 0; 1; 2; ::: ; (18)£¤¥ci;0 = �14 Z 1b T̂0(�) ln g(�)d�; ci;j = �8j ; j > 0:�à ¢¥¨ï (18) á®áâ ¢«ïîâ ¡¥áª®¥çãî á¨á-â¥¬ã «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©, ¨§ª®â®à®© ®¯à¥¤¥«ïîâáï ¢á¥ âà¨ ¯®á«¥¤®¢ â¥«ì-®áâ¨ ¥¨§¢¥áâëå ¯®áâ®ïëå ª®íää¨æ¨¥â®¢l1;j; l2;j; l3;j:�¤® ¨§ á¢®©áâ¢ ¯à¥¤áâ ¢«¥®£® à¥è¥¨ï ¨¯à¥¤áâ ¢«¥¨© (16) ¤«ï ¥¨§¢¥áâëå äãªæ¨© áâ -®¢¨âáï ®ç¥¢¨¤ë¬ ¯à¨ à áá¬®âà¥¨¨ â¥ç¥¨ï¢¡«¨§¨ ¢ãâà¥¥£® ¨ ¢¥è¥£® ªà ¥¢ ª®«ìæ¥¢ëå¤¨áª®¢. �ãáâì ¯®«ïà ï á¨áâ¥¬  ª®®à¤¨ â (t; �) ¢â®çª¥ � = b; z = 0 ¢ ¯«®áª®áâ¨ � = 0 ®¯à¥¤¥«¥ á«¥¤ãîé¨¬ ®¡à §®¬:� � b = t cos �; z = t sin �; t 2 (0; �); � 2 (0; 2�):�®£¤  ¨§ ¯à¥¤áâ ¢«¥®£® à¥è¥¨ï (7), (12), (13) ¨¯à¥¤áâ ¢«¥¨ï (16) á ¨á¯®«ì§®¢ ¨¥¬ [16] á«¥¤ã¥â,çâ® áª «ïà®¥ ¯®«¥ ¤ ¢«¥¨ï ¢¡«¨§¨ ¢ãâà¥¥£®ªà ï ¤¨áª  D0 ¯à¥¤áâ ¢«ï¥âáï ª ªp � t sin �2� Z 1b l1(r)(r � b� t cos �)2 + t2 sin2 � dr �� l̂1(b)2�p1� b t�1=2 sin � Z 10 x�1=2x2 � 2x cos � + 1dx == l̂1(b)2p1� b t�1=2 cos �=2; t! 0; � 2 (0; 2�);£¤¥ ª®áâ â  (á¬. (16))l̂1(b) = 1Xm=0 l1;mTm(�1) = 1Xm=0(�1)ml1;m:�®áà¥¤áâ¢®¬   «®£¨çëå à ááã¦¤¥¨© ¬®¦® ¯®-«ãç¨âì ¢ëà ¦¥¨¥ ¤«ï ¤ ¢«¥¨ï ¢¡«¨§¨ ¢¥è¥£®ªà ï:p � l̂1(1)2p1� b t�1=2 sin �=2; t! 0; � 2 (0; 2�);l̂1(1) = 1Xm=0 l1;m;

£¤¥ «®ª «ìë¥ ¯®«ïàë¥ ª®®à¤¨ âë�� 1 = t cos �; z = t sin �; t 2 (0; �); � 2 (��; �):�à¥¤áâ ¢«¥ë¥ à¥§ã«ìâ âë ¯®ª §ë¢ îâ, çâ® ¤ -¢«¥¨¥ ¨¬¥¥â ª®à¥¢ãî á¨£ã«ïà®áâì   ªà ïå¤¨áª®¢, ª ª ¡ë«® ¯®ª § ® �®ää â®¬ (Mo�at) [17]¤«ï ¯«®áª¨å ã£«®¢.
�¨á. 1. �¨¨¨ â®ª  ¯à¨ ®¡â¥ª ¨¨ âà¥å ª®«ìæ¥¢ëå¤¨áª®¢, h0 = 1; a0 = 0:2; a1 = 0:4

�¨á. 2. �¨¨¨ â®ª  ¢¡«¨§¨ ¢¥àå¥£® ¤¨áª ,h0 = 1; a0 = 0:2; a1 = 0:42. ��������� �������� �������������� (18)�à¨ ç¨á«¥ëå à áç¥â å ¡¥áª®¥ç ï á¨áâ¥¬ ãà ¢¥¨© (18) ãá¥ª « áì,   ¯®«ãç¥ ï â ª¨¬®¡à §®¬ ª®¥ç ï á¨áâ¥¬  ãà ¢¥¨© á ª®¥çë¬ç¨á«®¬ ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ li;j; i == 1; 2; 3; j = 0; 1; :::; J � 1 à¥è « áì. �¥¨§¢¥áâë¥�. �. �®¬¨«ª®, �. �. � «î£ , �. �. �¥«¥èª®, �. �¥à¡àî££¥ 23



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 20 { 27� ¡«. 1. �¨á«¥ ï ¯®£à¥è®áâì ¢ë¯®«¥¨ï £à ¨çëå ãá«®¢¨© ¤«ï b = 0:5.h0 N max j v�(�; h0) j max j vz(�; h0) j max j vz(�; 0) j0:5 2 0:02 0:02 0:040:5 4 0:02 0:01 0:0041 2 0:014 0:008 0:021 4 0:012 0:008 0:0052 2 0:017 0:01 0:0062 4 0:016 0:009 0:006� ¡«. 2. �¨á«¥ë¥ § ç¥¨ï ®à¬ «¨§®¢ ®£® ª®íää¨æ¨¥â  á®¯à®â¨¢«¥¨ï F0 ¯à¨ ®¡â¥ª ¨¨ ®¤®£®ª®«ìæ¥¢®£® ¤¨áª .Roger ¨ Hussey Roger ¨ Hussey Davisb F0 (ç¨á«¥ë¥ à¥§ã«ìâ âë) (íªá¯¥à¨¬¥â) (1991)(1982) (1982)0:95 0:7478 | 0:771 (Re = 0:002) |0:8 0:8976 0:8973 | 0:89770:76 0:9020 | | |0:66 0:9494 0:9492 0:959 0:94940:6 0:9651 0:9651 | |0:5 0:9810 0:9809 0:989 (Re = 0:014) 0:98100:4 0:9907 0:9907 | |0:2 0:9989 | | |
�¨á. 3. �¨¨¨ â®ª  ¢¡«¨§¨ áà¥¤¥£® ¤¨áª ,h0 = 1; a0 = 0:2; a1 = 0:4¯®áâ®ïë¥ ª®íä¨æ¨¥âë à¥è¥¨ï ¬®£ãâ ¡ëâì ¯®-«ãç¥ë á ¯à®¨§¢®«ì®© â®ç®áâìî ¯®áà¥¤áâ¢®¬ã¢¥«¨ç¥¨ï ç¨á«  ãà ¢¥¨© ¨ ¥¨§¢¥áâëå ãá¥-ç¥®© á¨áâ¥¬ë. �â¥£à «ë ¢ (18) à ááç¨âë¢ -«¨áì ¯® ä®à¬ã« ¬ � ãáá -�¥¡ëè¥¢  [18]Z 1�1 f(x)p1� x2dx = �n nXk=1f (cos(2k � 1)�=n) :

�ë¯®«¥¨¥ £à ¨çëå ãá«®¢¨©vz(�; 0) = 0; v�(�; h) = 0; vz(�; h) = 0; � 2 (b; 1)¯®«ãç¥ë¬ à¥è¥¨¥¬ ¯à®¢¥àï«®áì ç¨á«¥®.
�¨á. 4. �¨¨¨ â®ª  ¯à¨ ®¡â¥ª ¨¨ ®¤®£® ª®«ìæ¥¢®£®¤¨áª , h0 = 1; a0 = 0:2; a1 = 0:4� áç¥âë ¯à®¨§¢®¤¨«¨áì ¤«ï à §«¨çëå § ç¥-¨© ¯ à ¬¥âà®¢ b ¨ h. �à¨â¥à¨© â®ç®áâ¨ á®áâ®-ï« ¢ â®¬, çâ®¡ë ç¨á«¥ë¥ § ç¥¨ï j v� j; j vz j ¢24 �. �. �®¬¨«ª®, �. �. � «î£ , �. �. �¥«¥èª®, �. �¥à¡àî££¥



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 20 { 27 ¡®à¥ â®ç¥ª, à á¯®«®¦¥ëå à ¢®¬¥à®   ¨-â¥à¢ «¥ (b; 1), ¥ ¯à¥¢®áå®¤¨«¨ ®¯à¥¤¥«¥®© ¢ë-¡à ®© ¢¥«¨ç¨ë. �å®¤¨¬®áâì ç¨á«¥®£® à¥è¥-¨ï ¯à¨ ¢®§à áâ ¨¨ J ¯®ª §   ¢ â ¡«. 1 ¤«ï à §-«¨çëå § ç¥¨© ¯ à ¬¥âà®¢ b; h. �á¥£® ¤¢ãå ¨«¨ç¥âëà¥å á« £ ¥¬ëå ®ª §ë¢ ¥âáï ¤®áâ â®ç® ¤«ïã¤®¢«¥â¢®à¥¨ï £à ¨çëå ãá«®¢¨©   ¯®¢¥àå®-áâ¨ ¤¨áª®¢.3. ��������� ����������� ¦®© ä¨§¨ç¥áª®© å à ªâ¥à¨áâ¨ª®© « ¬¨ à-®£® ®¡â¥ª ¨ï â¢¥à¤®£® â¥«   ¡¥£ îé¨¬ ¯®â®-ª®¬ ï¢«ï¥âáï § ç¥¨¥ á¨«ë á®¯à®â¨¢«¥¨ï.
�¨á. 5. �¨¨¨ â®ª  ¯à¨ ®¡â¥ª ¨¨ âà¥å ª®«ìæ¥¢ëå¤¨áª®¢, h0 = 1; a0 = 0:76; a1 = 0:96

�¨á. 6. �¨¨¨ â®ª  ¢¡«¨§¨ ¢¥àå¥£® ¤¨áª ,h0 = 1; a0 = 0:76; a1 = 0:96�á¯®«ì§ãï ¯à¥¤áâ ¢«¥¨ï (7), (12), (13) ¨ á¢®©-áâ¢  ¯®â¥æ¨ «  ¯à®áâ®£® á«®ï, ¬®¦® ¯à¥¤áâ -

¢¨âì áª ç¥ª ¤ ¢«¥¨ï   ¤¨áª å á«¥¤ãîé¨¬ ®¡à -§®¬:p(�;+0) � p(�;�0) = l1(�);p(�; h + 0)� p(�; h� 0) = l3(�); � 2 (b; 1): (19)�®£¤  ®à¬ «¨§®¢  ï (ª á®¯à®â¨¢«¥¨î ªàã£®-¢®£® ¤¨áª  ¥¤¨¨ç®£® à ¤¨ãá  [2]) á¨«  á®¯à®â¨-¢«¥¨ï Fj , ¢®§¨ª îé ï ¢ ¯®â®ª¥   ¤¨áª¥ Dj ; j =0;�1, á®£« á® à ¢¥áâ¢ ¬ (19), ¯à¥¤áâ ¢«ï¥âáï ¢¢¨¤¥F0 = �8 Z 1b l1(r)rdr; Fj = �8 Z 1b l3(r)dr; j = �1:�«¨ á ¨á¯®«ì§®¢ ¨¥¬ ¢ëà ¦¥¨© (16), (17)F0 = �8 1Xm=0 l1;m Z 1b rT̂m(r)dr == �16 1Xm=0 l1;m Z 1�1 (1 � b)x+ (1 + b)p1� x2 Tm(x)dx == �232 f2l1;0(1 + b) + l1;1(1� b)g ;¨   «®£¨ç®F1 = �232 f2l3;0(1 + b) + l3;1(1� b)g :� ¡«. 3. � áç¥âë¥ § ç¥¨ï ®à¬ «¨§®¢ ëåª®íää¨æ¨¥â®¢ á®¯à®â¨¢«¥¨ï F0; F1a0 h0 F0 F10:5 0:5 0:1910 0:50530:5 1 0:2746 0:54550:5 2 0:4015 0:61370:5 2:5 0:4552 0:6413� ¢¨á¨¬®áâì á¨«ë á®¯à®â¨¢«¥¨ï F0 ®â ¢ã-âà¥¥£® à ¤¨ãá  b ¯à¨ ®¡â¥ª ¨¨ ®¤®£® ª®«ì-æ¥¢®£® ¤¨áª  ¯à¥¤áâ ¢«¥  ¢ â ¡«. 2. �«ï ¨á-á«¥¤®¢ ¨ï â ª®£® â¥ç¥¨ï ¥®¡å®¤¨¬® ¨áª«îç¨âì£à ¨çë¥ ãá«®¢¨ï (3) ¨§ à áá¬®âà¥¨ï,   ¢ à ¢¥-áâ¢ å (5) { (7) ¯®«®¦¨âì v1� = v1z = p1 � 0. � -ë¥ â ¡«. 2 ¯®ª §ë¢ îâ å®à®è¥¥ á®®â¢¥âáâ¢¨¥¯®«ãç¥ëå ¢ ¤ ®© à ¡®â¥ à áç¥âëå à¥§ã«ìâ -â®¢ ç¨á«¥ë¬ ¨ íªá¯¥à¨¬¥â «ìë¬ ¤ ë¬ à -¡®â [7,8].� ç¥¨ï á¨« á®¯à®â¨¢«¥¨ï F0; F1 ¢ ¯®â®ª¥, ®¡-â¥ª îé¥¬ âà¨ ª®«ìæ¥¢ëå ¤¨áª , ¯à¨¢¥¤¥ë ¢ â ¡«.3 ¤«ï à §«¨çëå § ç¥¨© ¯ à ¬¥âà  h. �à¨ ã¢¥-«¨ç¥¨¨ h, â. ¥. ¯à¨ ã¤ «¥¨¨ ¤¨áª®¢ ¤àã£ ®â ¤àã-£ , § ç¥¨ï F0; F1 ¢®§à áâ îâ ¨ ¯à¨¡«¨¦ îâáï ª�. �. �®¬¨«ª®, �. �. � «î£ , �. �. �¥«¥èª®, �. �¥à¡àî££¥ 25



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 20 { 27
�¨á. 7. �¨¨¨ â®ª  ¢¡«¨§¨ áà¥¤¥£® ¤¨áª ,h0 = 1; a0 = 0:76; a1 = 0:96á®®â¢¥âáâ¢ãîé¥¬ã § ç¥¨î á¨«ë á®¯à®â¨¢«¥¨ï®¤®£® ¤¨áª , ¯à¨¢¥¤¥®¬ã ¢ â ¡«. 2.�  à¨á. 1, 5 ¯®ª § ë «¨¨¨ â®ª  ¨áá«¥¤ã¥¬®£®®á¥á¨¬¬¥âà¨ç®£® â¥ç¥¨ï. �¨á. 1 á®®â¢¥âáâ¢ã-¥â £¥®¬¥âà¨ç¥áª¨¬ ¯ à ¬¥âà ¬ h0 = 1; a0 == 0:2; a1 = 0:4,   à¨á. 5 { h0 = 1; a0 = 0:76; a1 == 0:92. � ®¡®¨å á«ãç ïå áãé¥áâ¢ãîâ «¨¨¨ â®-ª , ®£¨¡ îé¨¥ ¯®¢¥àå®áâì ªà ©¨å ¤¨áª®¢ á ¢ã-âà¥¥© áâ®à®ë,   áà¥¤¥£® ¤¨áª  { á ¢¥è¥©.�  à¨á. 2 ¨ 6 ¯à¥¤áâ ¢«¥  ã¢¥«¨ç¥ ï «®ª «ì ïª àâ¨  «¨¨© â®ª , ¯à®å®¤ïé¨å ¢¡«¨§¨ ¢¥àå¥£®¤¨áª ,     à¨á. 3, 7 { ¢¡«¨§¨ áà¥¤¥£® ¤¨áª . � ª¯®ª § ®   à¨á. 2, ¯à¨ ¤®áâ â®ç® ¬ «ëå à ¤¨-ãá å á¥¯ à âà¨á  § ¬ëª ¥âáï   ¢¥àå¥© ¯®¢¥àå-®áâ¨ ªà ©¥£® ¤¨áª  ¢¡«¨§¨ ¥£® ¢¥è¥£® ªà ï,    ¨¦¥© ¯®¢¥àå®áâ¨,  ®¡®à®â, { ¢¡«¨§¨ ¢ã-

�¨á. 8. �¨¨¨ â®ª  ¯à¨ ®¡â¥ª ¨¨ ®¤®£® ª®«ìæ¥¢®£®¤¨áª , h0 = 1; a0 = 0:76; a1 = 0:96

a
b�¨á. 9. �¥ä®à¬ æ¨ï ¦¨¤ª®© «¨¨¨, ¤¢¨¦ãé¥©áï¢¬¥áâ¥ á ¯®â®ª®¬,a {   ¨â¥à¢ «¥ ¢à¥¬¥¨ t = 0� 5:2,b { ¢ ¬®¬¥â t = 19:6âà¥¥£® ®â¢¥àáâ¨ï. �§¬¥¥¨¥ à ¤¨ãá®¢ ¤¨áª®¢¥ ¯à¨¢®¤¨â ª áãé¥áâ¢¥®¬ã ¨§¬¥¥¨î ª¨¥¬ -â¨ç¥áª®© ª àâ¨ë â¥ç¥¨ï ¢ ®ªà¥áâ®áâ¨ áà¥¤¥-£® ¤¨áª . �à ¢¥¨¥ íâ¨å à¥§ã«ìâ â®¢ á ¯à¨¢¥-¤¥ë¬¨   à¨á. 4 ¨ 8, £¤¥ ¯à¨¢¥¤¥ë «¨¨¨ â®ª â¥ç¥¨ï, ®¡â¥ª îé¥£® ®¤¨ ª®«ìæ¥¢®© ¤¨áª, ¯®ª -§ë¢ ¥â ¢®§¬ãé¥¨¥, ¢®á¨¬®¥ ªà ©¨¬¨ ¤¨áª ¬¨.�¨á. 9 ¯®ª §ë¢ ¥â ¯à®æ¥áá ¤¢¨¦¥¨ï ¨ ¤¥ä®à-¬ æ¨¨ ¬ â¥à¨ «ì®© «¨¨¨, á®áâ®ïé¥© ¨§ ¯ áá¨¢-26 �. �. �®¬¨«ª®, �. �. � «î£ , �. �. �¥«¥èª®, �. �¥à¡àî££¥



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 20 { 27ëå ç áâ¨æ ¦¨¤ª®áâ¨, ª®â®à ï  ¡¥£ ¥â   ¤¨áª¨¢¬¥áâ¥ á ¯®â®ª®¬. � íâ®© æ¥«ìî ç¨á«¥® ¨â¥-£à¨à®¢ « áì ¤¨ ¬¨ç¥áª ï á¨áâ¥¬ d�(t)=dt = v�(�; z); dz(t)=dt = vz(�; z);�(0) = �0; z(0) = z0;á á®®â¢¥âáâ¢ãîé¨¬¨  ç «ìë¬¨ ãá«®¢¨ï¬¨�0; z0. �® ¢à¥¬¥¥¬ «¨¨ï à áâï£¨¢ ¥âáï ¢¤®«ì á¥-¯ à âà¨áë.����������� §à ¡®â ë© ¢ ¯à¥¤áâ ¢«¥®© à ¡®â¥ ç¨á-«¥®-  «¨â¨ç¥áª¨©  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨�â®ªá  ¤«ï ¯®â®ª , ®¡â¥ª îé¥£® â¢¥à¤®¥ â¥«®,®á®¢    ¯à¨¬¥¥¨¨ â¥®à¨¨ ¯®â¥æ¨ «®¢. �¯®§¢®«ï¥â á¢¥áâ¨ à¥è¥¨¥ á®®â¢¥âáâ¢ãîé¥© £à -¨ç®© § ¤ ç¨ ª ¡¥áª®¥ç®© á¨áâ¥¬¥ «¨¥©ëå «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©. � §¢¨âë© ¯®¤å®¤ ¬®-¦¥â ¯à¨¬¥ïâìáï ¤«ï à¥è¥¨ï § ¤ ç ®¡â¥ª ¨ïáâ®ªá®¢ë¬ ¯®â®ª®¬ â¥« ¡®«¥¥ á«®¦®© ä®à¬ë,  ®¡é¨© ¢¨¤ à¥è¥¨ï ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢  ¯à¨à¥è¥¨¨ § ¤ ç¨ �â®ªá  ¢ ®£à ¨ç¥ëå à¥§¥à¢ã- à å á â¢¥à¤ë¬¨ ¢áâ ¢ª ¬¨ { ¨¬¯¥««¥à ¬¨. �¯¨-á ë© ¯®¤å®¤ ¬®¦¥â ¡ëâì ¯à¨¬¥¥ ª ¯à®¨§¢®«ì-®¬ã ç¨á«ã ª® ªá¨ «ì® à á¯®«®¦¥ëå ¤¨áª®¢,  â ª¦¥ ª ¤¨áª ¬ á à §«¨çë¬¨ ¯ à ¬¨ à ¤¨ãá®¢.�¨á«¥®¥ â¥áâ¨à®¢ ¨¥ ¢ë¯®«¥¨ï ¯®«ãç¥-ë¬ à¥è¥¨¥¬ £à ¨çëå ãá«®¢¨© ¯®ª §ë¢ ¥â å®-à®èãî áå®¤¨¬®áâì, çâ® £®¢®à¨â ® ¢¯®«¥ ã¤®-¢«¥â¢®à¨â¥«ì®© â®ç®áâ¨ ¯à®¢¥¤¥ëå à áç¥â®¢.�«¥¤ã¥â ®â¬¥â¨âì â ª¦¥ á®®â¢¥âáâ¢¨¥ ¯®«ãç¥-ëå ¢ ¤ ®© à ¡®â¥ ç¨á«¥ëå § ç¥¨© ª®íä-ä¨æ¨¥â  á®¯à®â¨¢«¥¨ï ¢ ¯®â®ª¥, ®¡â¥ª îé¥¬®¤¨ ª®«ìæ¥¢®© ¤¨áª, íªá¯¥à¨¬¥â «ìë¬ ¨ à á-ç¥âë¬ à¥§ã«ìâ â ¬ ¤àã£¨å  ¢â®à®¢, ¨á¯®«ì§®-¢ ¢è¨¬ ¤àã£¨¥ ¬¥â®¤ë.�¯¨á ®¥ ¢ ¤ ®© à ¡®â¥ ç¥à¥¤®¢ ¨¥ ¢ã-âà¥¥© ¨ ¢¥è¥© áâ®à® ®¡â¥ª ¨ï ¤¨áª®¢ ¯à®-å®¤ïé¨¬ ¯®â®ª®¬ ¬®¦¥â ¯à®¨áå®¤¨âì ¨ ¯à¨ ®¡â¥-ª ¨¨ â¥« ¡®«¥¥ á«®¦®© ä®à¬ë { ¨¬¯¥««¥à®¢. �íâ®¬ á«ãç ¥ ®¯¨á ®¥ ï¢«¥¨¥ ¨£à ¥â à®«ì ®¤®£®¨§ ¬¥å ¨§¬®¢ ¯¥à¥¬¥è¨¢ ¨ï.
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